
Citation: Song, X.; Leard, B.; Wang, Z.;

Paruchuri, S.T.; Rafiq, T.; Schuster, E.

Control-Oriented Free-Boundary

Equilibrium Solver for Tokamaks.

Plasma 2024, 7, 842–857. https://

doi.org/10.3390/plasma7040045

Academic Editor: Andrey Starikovskiy

Received: 22 July 2024

Revised: 26 September 2024

Accepted: 16 October 2024

Published: 23 October 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

plasma

Article

Control-Oriented Free-Boundary Equilibrium Solver for Tokamaks
Xiao Song *, Brian Leard , Zibo Wang , Sai Tej Paruchuri , Tariq Rafiq and Eugenio Schuster

Department of Mechanical Engineering and Mechanics, Lehigh University, Bethlehem, PA 18015, USA
* Correspondence: songx@swip.ac.cn

Abstract: A free-boundary equilibrium solver for an axisymmetric tokamak geometry was developed
based on the finite difference method and Picard iteration in a rectangular computational area. The
solver can run either in forward mode, where external coil currents are prescribed until the converged
magnetic flux function ψ(R, Z) map is achieved, or in inverse mode, where the desired plasma bound-
ary, with or without an X-point, is prescribed to determine the required coil currents. The equilibrium
solutions are made consistent with prescribed plasma parameters, such as the total plasma current,
poloidal beta, or safety factor at a specified flux surface. To verify the mathematical correctness and
accuracy of the solver, the solution obtained using this numerical solver was compared with that
from an analytic fixed-boundary equilibrium solver based on the EAST geometry. Additionally, the
proposed solver was benchmarked against another numerical solver based on the finite-element and
Newton-iteration methods in a triangular-based mesh. Finally, the proposed solver was compared
with equilibrium reconstruction results in DIII-D experiments.

Keywords: free-boundary equilibrium; finite difference method; Picard iteration; inverse problem;
EAST; DIII-D

1. Introduction

Plasma equilibrium is a fundamental state in magnetic confinement fusion devices,
such as stellarators and tokamaks. Plasma equilibrium models, which are based on the
force balance equation, are frequently used to explore various aspects of plasma operations.
These models are essential for determining optimal plasma shapes; studying physics
issues such as magnetohydrodynamic (MHD) instabilities, turbulence, and transport; and
assessing nominal plasma scenarios.

Plasma equilibrium problems in an axisymmetric tokamak geometry can be broadly
classified into two categories. One is the fixed-boundary equilibrium (FXBE) problem,
where the plasma boundary is prescribed, and only the internal distributions of plasma
profiles are of interest. The fixed-boundary equilibrium assumption is widely adopted
in MHD and transport analysis because this equilibrium problem can be solved quickly,
both analytically and numerically. The other type is the free-boundary equilibrium (FBE)
problem, where the plasma boundary is unknown and is identified by the resulting poloidal
magnetic flux distribution. This distribution is determined by the external coil currents
and the current flowing toroidally within the plasma. The FBE problem is widely used
to design plasma shape control strategies and to reconstruct plasma equilibrium profiles
using diagnostic measurements in tokamak experiments.

Many equilibrium solvers that address the FXBE problem rely on analytical approaches
with simplified assumptions, though there are also numerical solvers, such as TEQ [1], that
handle the FXBE problem in a more complex manner. The typical analytic FXBE solvers,
using a linear or constant distribution of plasma current density, are based on an up–
down symmetric plasma boundary prescribed by either four points [2] or parameters with
X-points [3]. Recently, a more general fixed-boundary equilibrium solver [4] was proposed.
It is compatible with both vertically symmetric and asymmetric plasma boundaries and
uses a smoothed and monotonic plasma profile, i.e., the toroidal plasma current density.
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However, to accurately consider realistic plasma dynamics with respect to poloidal field
(PF) systems in tokamaks, especially for magnetic control, developing an FBE solver where
external coils serve as actuators is of high priority. Unlike FXBE solvers, solvers for the FBE
problem can only be tackled numerically in an iterative manner due to the nonlinearity
of the plasma current density. There are two dominant approaches in the literature for
addressing the FBE problem on different computational grids. One approach is based on the
finite element method (FEM) and Newton-type iteration on a triangular-based grid, as seen
in the codes for the C++ version of CEDRES++ [5] and the MATLAB version of FEEQS.M [6],
which have been used to design plasma operational scenarios for WEST [7] and ITER [8].
These FEM-based FBE solvers can find numerical solutions with high accuracy (iterative
error less than 10−10) and handle nonlinear issues, such as iron permeability. In tokamaks,
like JET [9] and WEST, areas with nonlinear magnetic permeability, such as those containing
iron, are used to extend the pulse length. However, this introduces additional complexity
for the solver to address. Moreover, the large and complicated computational mesh usually
makes them computationally intensive. The other approach is performed on a simple
and small-sized rectangular grid and is solved by Picard iteration, e.g., the TSC [10] and
TES [11] codes. These simplified mesh constructions and fast computations make them
more attractive, especially for fast integrated scenario predictions.

In this work, a numerical FBE solver named the Control-Oriented Tokamak Equilib-
rium Solver (COTES) is introduced. It is based on the finite difference method (FDM) and
operates fully within MATLAB/SIMULINK©, which is considered the standard platform
for control design. Unlike previous approaches [11,12], COTES employs a sophisticated
vertical shift of the plasma current density to address the numerical issues, e.g., vertical
instability problem, during iterations in asymmetric plasma shapes, rather than adding
fictitious coil currents to feedback vertical excursions. Various dedicated numerical sim-
ulations were conducted through COTES for superconducting (EAST) and conventional
(DIII-D) tokamak geometries. These simulations were cross-checked with a fixed-boundary
solver and the finite-element and Newton-iteration FEEQS.M solver to address benchmarks
between different FBE solvers that were seldom undertaken in previous studies. Dedicated
COTES simulations were also conducted to verify different approaches for the control of
vertical instability based on experimental equilibrium reconstruction data with the EFIT
code [13].

This paper is organized as follows. In Section 2, the FBE equations and the numerical
approach used in COTES are introduced in detail. Section 3 covers the benchmarks and
verifications, including the mathematical accuracy and correctness against a fixed-boundary
solution, numerical comparisons with FEEQS.M, and experimental reconstruction data.
Finally, conclusions and possible future work are presented in Section 4.

2. Numerical Approach in COTES

The main FBE equation and approach implemented in COTES follow the previous
works of [11,12]. This section emphasizes the new treatments developed in COTES and the
details that were missed in previous approaches.

2.1. Free-Boundary Equilibrium Problem in Tokamak Geometry

In the cylindrical coordinate system (R, ϕ, Z), the ϕ component is considered negligible
due to the assumption of toroidal axisymmetry in tokamaks. The FBE equation, derived
from the force balance equation for an air-core tokamak, is written as follows:

∆∗ψ(R, Z) = −µ0RJϕ(R, Z), (1a)

∆∗ ≡ R ∂
∂R
( 1

R
∂

∂R
)
+ ∂2

∂Z2 , (1b)

where the poloidal flux function ψ, known as the poloidal magnetic flux per radian, is
defined as ψ(R, Z) ≡ RAϕ from B = ∇ × A, and µ0 is the permeability in a vacuum.
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The right-hand side (RHS) of Equation (1a) is the toroidal current density, which is depen-
dent on different factors:

Jϕ(R, Z) =


Rp′(ψ) + f f ′(ψ)

µ0R in plasma area Ωpl
Ic
Sc

in coil number c
0 elsewhere,

(2)

in which p represents the plasma kinetic pressure, f is the diamagnetic function defined as
f (ψ) ≡ RBϕ, Bϕ is the toroidal magnetic field, Ic and Sc are the current and cross-section of
the external conductor coil c, and the prime sign represents the derivative with regard to
ψ. The toroidal plasma current density, Jϕ,pl(R, Z), is derived from the well-known Grad–
Shafranov (G-S) equation [14,15]. It is important to note that currents on possible passive
plates and vacuum vessel, induced by plasma vertical excursions and disruptions, can also
be treated as having similar current densities to those in the external coils. These induced
currents are very important to reduce the growth rate of plasma vertical events (VDEs) due
to a loss of control in the vertical position, disruption, and MHD instabilities [16].

The Jϕ,pl(R, Z) is parameterized from [17] as

Jϕ,pl(R, Z) = λ

[
β0

R
R0

(1 − ψαm
N )αn + (1 − β0)

R0

R
(1 − ψ

βm
N )βn

]
, (3a)

p′(ψ) ≡ λβ0

R0
(1 − ψαm

N )αn , f f ′(ψ) ≡ λµ0R0(1 − β0)(1 − ψ
βm
N )βn , (3b)

where R0 is the major radius, and ψN ∈ [0, 1] is the normalized ψ defined as ψN ≡
(ψ − ψax)/(ψbd − ψax), where ψax and ψbd are the ψ along the plasma axis and at the
boundary, respectively. The parameters λ and β0 can be tuned to constrain the specified
equilibrium, which are discussed further below, while αm, αn, βm, and βn are user-defined
input constants.

When solving the FBE equation through numerical methods, certain plasma quantities
can be prescribed. Two unknowns, i.e., λ and β0 in Equation (3), can be determined
to satisfy two constrained parameters. These parameters could be imposed on plasma
quantities, such as Ip and the poloidal plasma beta (βp):

Ip =
∫

Ωpl
Jϕ,pl(λ, β0) dΩ, (4a)

βp = 2µ0
⟨p(λ,β0)⟩

⟨B2
p⟩

, (4b)

where Bp = 1
R∇ψ × êϕ (toroidal unit vector) is the poloidal magnetic field. The bracket ⟨·⟩

denotes the flux-averaging operation [18] for arbitrary term A with

⟨A⟩ = ∂

∂V

∫
V

A dV =

∫
D A dV∫

D dV
=

∫
Ωpl A R dS∫

Ωpl
R dS

(5a)

or ⟨A⟩ =

∫
ψN

A
Bp

dl∫
ψN

1
Bp

dl
, (5b)

in which D and V are the 3D plasma area and the volume inside a specified ψ surface, and l
is a closed flux contour.

Additionally, these two plasma parameters can also be Ip and q(ψN) (safety factor) at
a specified ψN , such as q95 at ψN = 0.95. The safety factor q is defined by

q(ψN) = 1
2π

∫
ψN

Bϕ

RBp
dl = 1

2π

∫
ψN

f (λ,β0)
R2Bp

dl, (6)
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in which f = RBϕ is used.
The continuous flux-averaged plasma quantities above can be estimated by discrete

approximates, e.g., Ip (similarly for βp) in the plasma area based on Equations (3) and (4)
or (6) as

Ip = λβ0 ·
( Nodepl

∑
m=1

Rm

R0
(1 − ψαm

N,m)
αn

)
· δRδZ,

+ λ(1 − β0) ·
( Nodepl

∑
m=1

R0

Rm
(1 − ψ

βm
N,m)

βn

)
· δRδZ,

(7)

where Nodepl is a plasma element.
Similarly, q(ψN) on closed contour points (Rk, Zk) can be approximated with Equation (6)

as follows:

q(ψN) =
1

2π
f (ψN) ·

( k−1

∑
x=1

1
R2

xB2
p,x

·
√
(Rx+1 − Rx)2 + (Zx+1 − Zx)2

)
, (8)

where f (ψN) on a given ψN is calculated from [18] as

f (ψN) =

√
(Bϕ,0R0)2 − 2(ψbd − ψax)λµ0R0(1 − β0) ·

∫ 1

ψN

(1 − ψ
βm
N )βn dl. (9)

By combining Equations (7)–(9), specified λ and β0 values can be determined.

2.2. Numerical Approximations on a Rectangular Grid

The FBE Equation (1) is a 2D partial differential equation (PDE) with a nonlinear
source. A typical treatment to solve this continuous PDE is to discretize the 2D operator
using a 1D approximation with a known source term. A rectangular computational domain
(Ri, Zj) is constructed as

Ri = Rmin + δR × (i − 1), δR = (Rmax − Rmin)/(NR − 1),

Zj = Zmin + δZ × (j − 1), δZ = (Zmax − Zmin)/(NZ − 1),
(10)

where i = 1, · · · , NR and j = 1, · · · , Nz are the total number of grid points in the R and Z
coordinates, respectively.

The 2D derivatives in the Shafranov operator ∆∗ from Equation (1b) can be approxi-
mated as

∂ψ

∂R

∣∣∣
i
≃ ψi+1 − ψi−1

2δR
,

∂ψ

∂Z

∣∣∣
j
≃

ψj+1 − ψj−1

2δZ
, (11a)

∂2ψ

∂R2

∣∣∣
i
≃ ψi+1 − 2ψi + ψi−1

(δR)2 ,
∂2ψ

∂Z2

∣∣∣
j
≃

ψj+1 − 2ψj + ψj−1

(δZ)2 . (11b)

Therefore, Equation (1) is rewritten as

1
(δZ)2 ψj−1,i +

( 1
(δR)2 +

1
2Ri(δR)

)
ψj,i−1 − 2

( 1
(δR)2 +

1
(δZ)2

)
ψj,i

+
( 1
(δR)2 − 1

2Ri(δR)

)
ψj,i+1 +

1
(δZ)2 ψj+1,i = −µ0Ri Jϕj,i ,

(12)

where ψj,i and Jϕj,i denote ψ(Ri, Zj) and Jϕ(Ri, Zj), respectively. If the RHS of Jϕj,i is known,
then the equation above resembles a set of linear algebraic equations Ax = b that can be
solved using various methods [19], such as Jacobi’s Method, the Gauss–Seidel Method, and
the Successive Over-Relaxation Method (SOR).
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2.3. Initial Guess and Picard Iteration

In order to solve Equation (12), it is essential to pre-define the RHS of Jϕj,i , which
is nonlinear and depends on the solution ψj,i. This nonlinearity can only be addressed
through an iterative scheme, starting from a guess of Jϕj,i . A typical initial guess of J0

ϕj,i
with

a circular plasma current density [12] is given by

J0
ϕj,i =

{
λ0

R

(
1 − A2

a2
init

)
if A2 < a2

init

0 if A2 ⩾ a2
init,

(13)

where A2 = (Ri − Rinit)
2 + (Zj − Zinit)

2, with Rinit, Zinit, and ainit being the user-defined
plasma center coordinates and minor radius for the initial plasma current distribution.
The constant λ0 is adjusted to match the total plasma current. An initial guess of J0

ϕj,i
with

Ip = 250 kA is shown in Figure 1. In practice, Jϕj,i from a converged solution is typically
employed as an initial guess to expedite the iterations.

R
init

-a
init

R
init

R
init

+a
init

Z
init

-a
init

Z
init

Z
init

+a
init

0

5

10

105

Figure 1. Initial guess of J0
ϕj,i [A/m2] with Ip = 250 kA.

By utilizing an initial guess of J0
ϕj,i

, the FBE in Equation (12) can thus be solved by the
well-known Picard iteration [20]. The Picard iteration is very effective for numerically solv-
ing the PDE, where the provided initial guess is close to the converged solution. The next
iteration’s solution is calculated based on the current iteration in a recursive manner, which
is described in detail in the following paragraph. The ψn

j,i (1 < i < NR, 1 < j < NZ) on the
given grid, except boundary nodes, based on Equation (12) is expressed as

1
(δZ)2 ψn

j−1,i +
( 1
(δR)2 +

1
2Ri(δR)

)
ψn

j,i−1 − 2
( 1
(δR)2 +

1
(δZ)2

)
ψn

j,i

+
( 1
(δR)2 − 1

2Ri(δR)

)
ψn

j,i+1 +
1

(δZ)2 ψn
j+1,i = −µ0Ri Jn

ϕj,i(ψ
n−1
j,i ),

(14)

in which n (n ≥ 1) represents the n-th iteration. It can be seen that Jn
ϕj,i

, the toroidal plasma

current distribution in the n-th iteration, is determined by ψn−1
j,i , precisely specifying ψn−1

ax

and ψn−1
bd . With the assumed initial J0

ϕj,i, ψ0
j,i is obtained by solving Equation (14). In the next

iteration, J1
ϕj,i is updated based on ψ0

j,i. Following this recursive iteration, the numerical

solutions of Jn
ϕj,i(ψ

n−1
j,i ) and ψn

j,i are obtained until a given criterion, i.e., ∥ψn
j,i − ψn−1

j,i ∥ < ϵ

(typically 10−4), is satisfied. The detailed block diagram for this Picard iteration is depicted
in Figure 3.
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2.4. Boundary Condition for the Free-Boundary Equilibrium Solver

Equation (14) determines ψj,i in the core region of the grid, where 1 < i < NR
and 1 < j < NZ. Dirichlet boundary conditions [21] are applied at the grid boundaries
(i = 1, NR and j = 1, NZ). Figure 2 illustrates the rectangular grid used to discretize the
2D computational domain (Ri, Zj) for solving the FBE Equation (1), where the spatial
coordinates Ri and Zj are discretized with uniform step sizes δR and δZ, respectively. The
red ’x’s mark the boundary nodes of the mesh, defining the limits of the domain, while
the black dots represent the interior nodes. The boundary ψ(R, Z) is computed using the
Green’s function formulation [22]:

ψ(R, Z) =
∫ ∫

G(R, Z; R′′, Z′′)Jϕ(R′′, Z′′) dR′′dZ′′/(2π) , (15)

where G(R, Z; R′′, Z′′) is the Green’s function for a unit toroidal current source at (R′′, Z′′),
given by

G(R, Z; R′′, Z′′) =
µ0

2π

√
RR′′

k
[(2 − k2)K(k)− 2E(k)],

k2 ≡ 4RR′′

(R + R′′)2 + (Z − Z”)2 ,
(16)

with K(k) and E(k) being the elliptic integrals of the first and second kinds, respectively:

K(k) =
∫ π

2

0

dθ√
1 − k2sin2θ

; E(k) =
∫ π

2

0

√
1 − k2sin2θ dθ. (17)

Figure 2. Illustration of a rectangular grid, where the red ‘x’s denote the boundary of the mesh while
the black dots represents the core region.

In a tokamak, the boundary ψ(Rbd, Zbd) depends on the induced ψ by the toroidal
plasma current and conductor coil currents:

ψn (Rbd, Zbd) =

( ∫
Ωpl

G(Rbd, Zbd; R′′, Z′′)Jn
ϕ,pl(R′′, Z′′) dΩ′′

+
Ncoil

∑
c=1

G(Rbd, Zbd; Rc, Zc) · In
c

)
/(2π).

(18)

Here Jn
ϕ,pl(R′′, Z′′) changes in each Picard iteration, while In

c (Rc, Zc) may either change
or remain constant depending on the computational mode (forward vs. inverse), as dis-
cussed in Section 2.6.
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2.5. Identification of Plasma Axis and Boundary

The determination of ψax and ψbd in each Picard iteration is crucial since the nonlinear
RHS of Jϕj,i strongly relies on ψax and ψbd. In a tokamak, the plasma boundary is either in
contact with the plasma-facing component, e.g., the so-called limited or circular plasma
shape, or formed by the saddle point of the poloidal magnetic field as an X-point (diverted
plasma shape). Identifying ψax is relatively straightforward because it has the largest
absolute value of ψ inside the plasma area. On the other hand, determining ψbd for a
limited shape is also straightforward, as it is recognized by the existence of a closed contour,
based on locating the maximum ψ on the first wall coordinates. However, for a diverted
plasma shape with an X-point, where a null magnetic field exists, the plasma boundary is
identified by computing |∇ψ|2.

Both the magnetic axis and X-points are characterized by local minima in |∇ψ|2.
Therefore, it is necessary to find the possible X-points and magnetic axis by calculating the
following term:

S′(R, Z) ≡
( ∂2ψ

∂R2

)( ∂2ψ

∂Z2

)
−
( ∂2ψ

∂R∂Z

)2
, (19)

along the magnetic axis, the maximum value of ψ(R, Z) holds the same sign as for
(∂2ψ/∂R2) and (∂2ψ/∂Z2), while they are opposite to each other when it is a saddle
point (X-point) [23]. Therefore, the Hessian of S′ > 0 indicates a magnetic axis, and S′ < 0
indicates an X-point. The precise (R, Z) coordinates for ψax and the X-points are deter-
mined using a new ψ(R, Z) with small values of (δR, δZ). Although there may be multiple
X-points, it is essential to identify the one that defines the plasma boundary and is closest
to the plasma axis, as distinguished by having the maximum |ψ|.

2.6. Forward and Inverse Free-Boundary Equilibrium Modes

Within COTES, two computational modes are employed, namely, the forward and
inverse modes. In the forward mode, the coil currents are known and remain fixed until
a converged ψ(R, Z) map is achieved. In contrast, the inverse mode treats the external
coil currents as unknowns, which can be determined by additional constraints, e.g., the
prescribed plasma boundary and X-points. In this inverse COTES approach, potential coil
currents are explored by solving the following optimal problem:

min
∆Icoil

[
Nbnd

∑
e=1

{
Ncoil

∑
c=1

(
G(Rre f

e , Zre f
e ; Rc, Zc) · ∆Icoil,c

)
− ∆ψ(Rre f

e , Zre f
e )

}2

+

NXpt

∑
d=1

{
Ncoil

∑
c=1

(
GBR(Rre f

d , Zre f
d ; Rc, Zc) · ∆Icoil,c

)
− BR(Rre f

d , Zre f
d )

}2

+

NXpt

∑
d=1

{
Ncoil

∑
c=1

(
GBZ (Rre f

d , Zre f
d ; Rc, Zc) · ∆Icoil,c

)
− BZ(Rre f

d , Zre f
d )

}2

+ γ2
Ncoil

∑
c=1

(
∆Icoil,c

)2
]

,

(20)

where (Rre f
e , Zre f

e ) are the specified boundary points; G(Rre f
e , Zre f

e ; Rc, Zc) is the Green’s
function of the unit coil current (Rc, Zc) on the plasma boundary; ∆ψ(Rre f

e , Zre f
e ) = ψbd −

ψ(Rre f
e , Zre f

e ) is the error of the poloidal flux function on the prescribed plasma boundary
points; BR(R

re f
d , Zre f

d ) and BZ(R
re f
d , Zre f

d ) are the radial and vertical poloidal magnetic field

on the given X-points (Rre f
d , Zre f

d ), respectively; and γ is a Tikhonov parameter for the regu-

larization term [24] in an ill-posed problem. If an X-point is specified, then BR(Rre f
d , Zre f

d )
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and BZ(Rre f
d , Zre f

d ) at the X-points should be zero. This constraint is added as the second
and third summed terms in Equation (20), with

GBR ≡ − 1
R

∂G
∂Z

GBZ ≡ 1
R

∂G
∂R

.
(21)

The external coil currents for the next iteration are updated as

I(n)coil,c = I(n−1)
coil,c + ∆Icoil,c, (22)

where I(n−1)
coil,c is the c-th coil current from the (n-1)th Picard iteration. It is important to

emphasize that the initial I0
coil must be close to a real solution; otherwise, the Picard iteration

will fail due to the absence of a possible plasma boundary and axis.
The solution to Equation (20) involves a least-squares regression with an L2 [25]

penalty term, and the optimal coil currents are computed by

∆Iopt
coil =

(
G(Rre f

e , Zre f
e ; Rc, Zc)

T · G(Rre f
e , Zre f

e ; Rc, Zc)

+ GBR(Rre f
d , Zre f

d ; Rc, Zc)
TGBR(Rre f

d , Zre f
d ; Rc, Zc)

+ GBZ (Rre f
d , Zre f

d ; Rc, Zc)
TGBZ (Rre f

d , Zre f
d ; Rc, Zc) + γ2 · diag(I)

)−1

×
(

G(Rre f
e , Zre f

e ; Rc, Zc)
T · ∆ψ(Rre f

e , Zre f
e )

+ GBR(Rre f
d , Zre f

d ; Rc, Zc)
T · BR(Rre f

d , Zre f
d )

+ GBZ (Rre f
d , Zre f

d ; Rc, Zc)
T · BZ(Rre f

d , Zre f
d )
)

.

(23)

In practical exercises, when the value of γ is fixed, the Picard iteration often encounters
difficulty with convergence. It typically oscillates around a value significantly higher than
the stop criterion ϵb ∼ 10−4. To address this issue, it becomes necessary to reduce the
regularization term on coil currents in Equation (20) by using a sequence of values for
γ [12]:

γn+1 = γn(ϵb/ϵn)
1/2, (24)

where

ϵn ≡ ||
Ncoil

∑
c=1

(
G(Rre f

e , Zre f
e ; Rc, Zc) · ∆Icoil,c − ∆ψ(Rre f

e , Zre f
e )
)
||/|ψbd − ψax|. (25)

The iteration is stopped when ϵn <= ϵb, which usually takes less than twenty itera-
tions.

The detailed block diagram for the Picard iteration is illustrated in Figure 3. The dashed
box highlights the process of determining the coil currents within the inverse mode. The di-
agram illustrates the Picard iteration process in the COTES code for solving the free-
boundary equilibrium in the axisymmetric tokamak geometry. The process begins with an
initial guess of the current density, J0

ϕ,j,i. This initial guess is used to calculate the boundary

flux function, ψ0(Rbd, Zbd), and the core flux function, ψ0(Rcore, Zcore).
The iteration process starts with n = 1. In each iteration, the values of ψn−1

ax and
ψn−1

bd are identified. Then, the parameters λ and β0 are calculated based on the specified
equations. The current density Jn

ϕ,i is updated accordingly.
Next, the boundary flux, ψn(Rbd, Zbd), and the core flux, ψn(Rcore, Zcore), are recalcu-

lated using the updated current density. If the inverse mode is selected, the coil currents Ic
are updated based on additional constraints.
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The iteration continues with n being incremented by one each time. The process
checks whether n > 1 and whether the norm of the difference between the current and
previous flux functions is within a specified tolerance ϵ. If the convergence criteria are met,
the iteration ends; otherwise, it repeats.

Figure 3. Block diagram of the Picard iteration in the COTES code. The diagram provides a repre-
sentation of the iterative procedure and the conditions for updating the flux functions and current
densities until convergence is achieved.

2.7. Vertical Position Instability in Forward Mode

In the forward mode of COTES, the Picard iteration exhibits vertical instability, espe-
cially in cases where the plasma shape is asymmetric, such as the lower or upper single
null (LSN or USN) X-point configuration. In previous work [12], a traditional approach to
tackle this vertical excursion is to add a pair of fictitious feedback coils with currents:

I f eedback = -sign(Zcoil)
(

C1(Zn
ax − Zdesired) + C2(Zn

ax − Zn−1
ax )

)
· Ip, (26)

where Zcoil is the vertical coordinate of the fictitious feedback coil and Zdesired is the target
vertical position. This method works like a proportional and derivative (PD) controller,
in which C1 and C2 are the P and D gains, respectively. However, a notable drawback of
this technique is that the introduction of additional feedback coil currents inevitably alters
the resulting ψ(R, Z) map. Furthermore, the determination of C1 and C2 typically relies on
trial and error.

Another treatment [11] also relies on adjusting the feedback coil currents to control
the radial magnetic field BR, which has a significant impact on the vertical instability.
The corresponding feedback coil current is defined as follows:

I f eedback = −gz
BR,Vac

B∗
R,FB

∣∣∣
Rcur ,Zcur

, (27)

where gz is an adjustable variable ∈ [2, 2.5]; BR,Vac and B∗
R,FB are the radial magnetic

fields due to only the external coil currents and unit feedback coil current, respectively;
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and (Rcur, Zcur) is the effective barycenter of the plasma current. By this approach, guessing
the vertical desired position is not necessary, but additional coil currents can also change
the converged ψ(R, Z) map.

In this work, a sophisticated approach without feedback coil currents was imple-
mented. Instead of adding fictitious feedback coils, the current density Jϕj,i was adjusted by

χ = Kp(Zdesired − Zax) ,

Jn,new
ϕj,i = (1 − χ)Jn,old

ϕj,i + χ

(
Jn,old
ϕj,i

∂ diag(I)j,i

∂Z

)
,

(28)

where Jn,old
ϕj,i is the plasma current density in the n-th Picard iteration in Figure 3 based

on ψn−1
j,i , χ ∈ [−1, 1] is a relaxing factor, and Kp is an adjusted control parameter. On the

other hand, Jn,new
ϕj,i represents the modified current density used for the ψn

j,i calculation.
The advantage is that no extra coil currents are needed to modify the final ψ(R, Z) map,
although it does necessitate an initial guess for Zdesired prior to starting the Picard iteration.
Similar methods are widely employed in the equilibrium reconstruction codes EFIT [13],
CLISTE [26], and LIUQE [27].

3. Benchmarks and Numerical Verifications

This section discusses a series of benchmarks and verifications for COTES simulations.
To ensure mathematical correctness and accuracy, COTES is directly compared against
an analytical fixed-boundary equilibrium solution. Furthermore, additional benchmark
tests are conducted using another numerical solver with a distinct computational grid and
method. Finally, the numerical results obtained from COTES are verified by comparing
them with the equilibrium reconstruction code EFIT, which is based on the DIII-D low (L)
confinement experimental data.

3.1. Benchmark with Analytic Fixed-Boundary Equilibrium Solver

To assess the mathematical correctness and accuracy of the COTES simulation, a re-
cently developed analytic fixed-boundary equilibrium solver [4] was applied as a bench-
mark. The pressure and toroidal current density in this analytic solver are defined
as follows:

p(ψ) = p0

( ψ

ψ0

)2
, f 2(ψ) = R2

0B2
ϕ0

[
1 +

2δB
Bϕ0

( ψ

ψ0

)2]
, (29a)

Jϕ,pl = R
dp(ψ)

dψ
+

1
2µ0R

d f 2(ψ)

dψ
, (29b)

where ψ0 is the poloidal flux function on the magnetic axis, p0 is the kinetic pressure on
the axis, and δB/Bϕ0 is a measure of the toroidal field diamagnetism on the axis. In this
approach, all the plasma parameters, such as p, p′, and f , as well as ψ, vanish on the plasma
boundary surface, i.e., ψ(surf) = 0.

The prescribed plasma boundary is defined by the Miller profile [28]. The fixed plasma
boundary, (RS, ZS), is given in terms of an angle-like parameter θ, θ ∈ [0, 2π], as

RS = R0 + a cos(θ + δ̂ sinθ), ZS = aκ sinθ, (30)

in which κ is the elongation, δ is the triangularity, and δ̂ = sin−1δ.
The benchmark was carried out with the assumption that both the inverse mode of

COTES and the analytic solver shared an identical plasma boundary, which was defined
by κ = 1.45, δ = 0.2, R0 = 1.81 m, and a = 0.4 m. The values Ip = 0.68 MA, βp = 0.5, and
Bϕ0 = 2.0 T were prescribed. Iso−ψN contours ranging from 0 to 1 with a step of 0.1 are
shown in Figure 4.
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A remarkable observation was that the iso−ψN contours aligned perfectly, which
extended from the plasma boundary to the axis. This excellent agreement along the plasma
axis can be attributed to the combined effects of βp + li/2, referred to as the Shafranov shift.
Here, li denotes the plasma internal inductance, which characterizes the peaking of the
current density distribution. The βp in both the analytic and inverse numerical solvers were
forced to 0.5, resulting in li with 0.9364 and 0.9462, respectively, which, in turn, yielded
almost the same βp + li/2. These well-matched iso−ψN contours between COTES and the
analytic fixed-boundary solver underscore the high credibility of both solvers in terms of
their mathematical correctness and accuracy.
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Figure 4. Iso−ψN ∈ (0:0.1:1) contour comparisons between the inverse of COTES (yellow plain) and
the analytic (black dashed) fixed-boundary equilibrium solver with an EAST geometry.

3.2. Verifications with Numerical Free-Boundary Equilibrium Solver

A comparison analysis was undertaken between the COTES simulation results and
those from the numerical FBE solver FEEQS.M to make sure that the COTES simulation
was correct and accurate. FEEQS.M employs the finite element method and Newton-type
iteration on a triangular-based grid. The simulations herein were carried out using the
EAST [29] geometry.

The different computational grids for COTES and FEEQS.M are illustrated in Figure 5.
In COTES, the rectangular domain spanned [Rmin, Rmax] ∈ [1.2, 2.6]m and [Zmin, Zmax] ∈
[−1.2, 1.2]m, with NR = NZ = 65, while for FEEQS.M, the computational domain was a
semi-circular area with radius r = 3.5 m, and the sizes of the triangles in different areas
were adjusted to reduce the total number of elements.

The verification process aligned with the benchmark described in Section 3.1, i.e., both
numerical approaches were executed by inverse modes and shared the same plasma
boundaries (limited and X-point diverted configurations). For simplicity, the Jϕ,pl in both
codes applied the same polynomial functions as specified in Equation (3). The li was tuned
by trial and error with different αn and βn in Equation (3b).

The verified results, including the plasma parameters and internal profiles for the
limited configuration, are shown in Figure 6. The overlapped iso−ψN contours signify that
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the numerical solutions obtained through different methods, encompassing variations in
the computational grid, discrete approximations, and iterative processes, were in complete
agreement. In addition to the ψN contours, the plasma internal profiles, particularly q and
Jϕ,pl computed by distinct numerical integrals, also exhibited a perfect overlap. This
consistency underscored the correctness and accuracy of both numerical methods.
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Figure 5. (Left): rectangular grid in COTES. (Right): triangular grid with finite element method in
FEEQS.M code.
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Figure 6. (Left): iso−ψN ∈(0:0.1:1) contour plots comparisons between inverse of COTES (yellow
plain) and FEEQS.M (black dashed) solutions. (Right): plasma internal profiles of p, f , p′, f f ′, q, and
Jϕ,pl in COTES (plain) and FEEQS.M (dashed).

To further verify the agreement between these two numerical FBE solutions, inverse
calculations with the LSN configuration were compared, and the results are presented in
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Figure 7. Once again, the iso−ψN contour plots displayed a flawless overlap. However,
some slight discrepancies were observed in the plasma profiles, particularly for p, f , p′,
and f f ′. These minor variations suggest that in the asymmetric plasma configuration,
differences between the two numerical methods can arise, though overall agreement
is maintained.
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Figure 7. (Left): iso−ψN ∈ (0:0.1:1) contour plot comparisons between the inverse of COTES (yellow
plain) and FEEQS.M (black dashed) solutions. (Right): plasma internal profiles of p, f , p′, f f ′, q, and
jϕ,pl in COTES (plain) and FEEQS.M (dashed).

3.3. Verification with Equilibrium Reconstruction Data

COTES FBE solutions can be compared with plasma equilibrium reconstructions
from experiments based on diagnostic measurements. In the EFIT code [13], coil currents
are given, but the toroidal plasma current density is unknown and must be determined.
The toroidal current density can be inferred based on constraints from experimental mea-
surements, such as the magnetic field and flux. The optimization objective to minimize is

χ2 =
Nmeas

∑
k=1

(Mk − Ck
σk

)2, (31)

where Mk, Ck, and σk are the experimental measurement, calculated value, and associ-
ated error for the k-th term, respectively. The pressure and diamagnetic function for the
calculation of Jϕ,pl for the equilibrium construction is defined as

p′(ψN) =
np

∑
n=0

an
(
ψN +

∂ψN
∂Z

δZ
)n ; f f ′(ψN) =

n f

∑
n=0

bn
(
ψN +

∂ψN
∂Z

δZ
)n, (32)

where an and bn are unknown constants, and δZ is an approximated rigid vertical shift of
the ψN distribution used to adjust the vertical position.

The DIII-D [30] L mode shot 157952 at 1300 ms was selected as the case for compar-
ison. This particular shot corresponds to an LSN X-point divertor configuration, which
naturally experiences vertical instability during the Picard iteration in the forward mode.
Consequently, all three approaches described in Section 2.6 were compared against the
EFIT result, as it is shown in Figure 8. Generally, all three methods exhibited similar plasma
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boundaries when compared with the EFIT result. The alignment with the EFIT axis was
particularly close for the approaches described in Equations (26) and (28), given that the
EFIT axis served as the target in both cases.
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Figure 8. The plasma boundary between EFIT (cyan dashed) and the forward of COTES (red plain)
with three vertical instability approaches.

However, there were also some discrepancies observed between the EFIT result and
the forward mode of COTES, especially in terms of the X-point position. Several factors
could contribute to these differences. First, the induced current on the vacuum vessel is not
currently considered in COTES, whereas EFIT includes these currents in its reconstruction.
Second, the EFIT result involves determining the constants an and bn in Equation (32) to
match the experimental measurements of magnetics, which may have associated error bars.
Lastly, the plasma internal profiles (p and f ) between EFIT and COTES are different, just as
depicted in Figure (9).
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Figure 9. (Left): profiles of p and f between EFIT (dashed) and COTES (plain) simulations. (Right):
profile of q between EFIT (dashed) and COTES (plain) simulations.

4. Conclusions and Future Work

In this study, the free-boundary equilibrium problem in axisymmetric tokamak ge-
ometry was addressed using the COTES code by employing the finite difference method
with Picard iteration. COTES discretizes the 2D partial differential equation over a rect-
angular domain through finite difference approximations. The nonlinear toroidal plasma
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current density starts from an initial guess and is then defined as a polynomial function
based on the ψax and ψbd from the previous iteration, as well as plasma quantities, such
as Ip and βp or q(ψN). COTES can run either in a forward mode, where the coil currents
are fixed, or in an inverse mode, where the coil currents are calculated in every iteration
based on a prescribed plasma boundary with an optimal control approach. To address the
vertical instability issues that occurred in the forward mode for the asymmetric plasma
shape, a vertical shift of Jϕ,pl instead of adding feedback coils, as used in previous work,
was employed.

For benchmarking and verification, COTES simulations were initially compared with
an analytic fixed-boundary solver to verify the mathematical correctness and accuracy.
The results demonstrate excellent agreement in the internal flux surface profiles. Sub-
sequently, the COTES simulations were cross-checked with another numerical solver,
FEEQS.M, which employs different approximations and computational grids. The find-
ings show that COTES yielded consistent solutions in the limiter configuration and similar
plasma internal profiles in the X-point plasma boundary when compared with the FEEQS.M
simulations. Finally, the COTES simulations were verified against the equilibrium recon-
struction code EFIT using experimental data to assess its capability to handle vertical
instability through different approaches. The discrepancies between the COTES and EFIT
results were also explained through potential interpretations.

Future work on COTES involves coupling it with circuit equations for external coil
systems, encompassing a vacuum vessel and passive plates, to tackle the FBE problems
in time evolution rather than static modes. Another direction for advancing COTES is
exploring surrogate models for the toroidal current density derived from experimental
measurements or other transport solvers, instead of using given polynomials.
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