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 A B S T R A C T

The Control-Oriented Transport SIMulator (COTSIM) is an advanced equilibrium and transport code designed 
for simulating tokamak discharges at computational speeds suitable for control applications. COTSIM’s modular 
framework enables users to select models that balance accuracy with speed according to specific needs, 
allowing the code to operate from fast to faster-than-real-time performance levels. This work presents recent 
enhancements to COTSIM’s predictive accuracy for NSTX-U scenarios, achieved by integrating neural-network-
based surrogate models and self-consistent equilibrium calculations. To improve source deposition predictions, 
a surrogate model for NUBEAM has been incorporated. Additionally, a surrogate model for the Multi-Mode 
Module (MMM) now supports predictions of anomalous thermal, momentum, and particle diffusivities—
key factors for modeling the evolution of temperature and rotation. Each surrogate model was specifically 
trained for the NSTX-U operational regime to enhance COTSIM’s accuracy while maintaining computational 
efficiency. Moreover, COTSIM now couples fixed-boundary equilibrium solvers with its transport solvers, 
enabling self-consistent predictions of plasma profiles and equilibrium evolution over the discharge. Simulation 
results demonstrate strong agreement between COTSIM and TRANSP predictions for NSTX-U discharges. These 
substantial advancements expand COTSIM’s utility in model-based control applications for NSTX-U. Potential 
applications include simultaneous optimization of equilibrium and transport scenarios, integration into digital 
twins, real-time profile estimation (e.g., temperature and rotation) from limited or noisy measurements, and 
advanced feedback-based scenario control.
1. Introduction

Future tokamaks, like ITER, aim to achieve advanced plasma states 
characterized by higher plasma energy. At these elevated energies, 
disruptions could cause severe heat loads on the plasma-facing compo-
nents, limiting the experimental flexibility enjoyed by current-
generation tokamaks when exploring the parameter space. Conse-
quently, there is an increasing need to thoroughly understand novel 
tokamak scenarios before experimental testing to mitigate the risk of 
plasma instabilities leading to disruptions. In addition, tight control 
and highly effective disruption mitigation techniques are essential. 
Since this level of control must be accomplished with limited diagnos-
tic, model-based estimators and synthetic diagnostics are crucial for 
monitoring the plasma state during operation.

To meet the needs of future tokamaks, several software tools have 
gained attention. Scenario planners use plasma dynamics models cou-
pled with optimization algorithms to determine optimal actuator tra-
jectories for achieving desired tokamak scenarios [1–4]. Since scenario 

∗ Corresponding author.
E-mail address: brl220@lehigh.edu (B. Leard).

planning typically requires numerous simulations to effectively explore 
the parameter space, generally plasma simulation codes with shorter 
computation times are preferred. However, the accuracy of the sim-
ulation code determines the effectiveness of the resulting solution. 
Digital twins in the fusion context are full three-dimensional recreations 
of the entire tokamak environment, illustrating how engineering de-
sign impacts machine operation [5,6]. Applications for digital twins 
range from estimating plasma properties in experimental discharges 
with limited diagnostics to discharge planning and future fusion pilot 
plant (FPP) design. Often digital twins are integrated modeling frame-
works that couple various codes for different physical processes and 
regions of the tokamak. Both scenario planners and digital twins benefit 
from incorporating plasma simulation codes that are fast, modular, 
and user-friendly. Scenario planners, as mentioned, often require many 
simulations, and a code with lengthy computation times can make 
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optimization intractable or limit the scope to a reduced number of pa-
rameters. Likewise, extended calculation times restrict the applications 
of a digital twin, making real-time estimation or between-shot analysis 
impractical and slowing the overall pace of research.

A modular design offers a way to balance speed and accuracy 
by integrating models of varying complexity, allowing users to select 
the optimal model for specific requirements. This approach not only 
enables flexibility in computational speed and accuracy but also al-
lows the code to be evaluated against itself for validation purposes. 
Moreover, a segmented code with an intuitive workflow and user-
friendly interface facilitates integration within larger suites, whether 
for scenario optimization, digital twins, or tokamak PCS, and makes 
the code more accessible to new users. One code that embodies many 
of these benefits is the Control-Oriented Tokamak SIMulator (COTSIM). 
COTSIM is a MATLAB-based, modular, 1.5D, equilibrium and transport 
code that was initially developed in [7] for synthesizing feedback 
profile controllers in both conventional and spherical tokamaks [8–10]. 
To achieve the necessary speed for control applications, early versions 
of COTSIM used half-dimensional, control-oriented models for temper-
ature, density, and auxiliary sources, with plasma equilibrium assumed 
constant.

Since then, COTSIM has been expanded to include transport equa-
tions for electron and ion temperatures as well as toroidal rotation [11], 
with additional transport equations continuously being added. Neural-
network surrogate models were integrated in [12,13] to emulate com-
putationally intensive codes, improving accuracy while preserving 
COTSIM’s fast computation times required for control. COTSIM has 
been successfully incorporated into scenario planners for DIII-D [3], 
EAST [14], and NSTX-U [4], and has also been used for state esti-
mation [15]. Recently, three different analytical equilibrium solvers 
have been integrated with COTSIM’s transport equations to enable self-
consistent transport and equilibrium simulations with a time-evolving 
equilibrium. These solvers can be used interchangeably and offer 
varying tradeoffs in terms of accuracy and speed, a specific example 
of COTSIM’s modularity. In this work, we present the latest modeling 
additions to COTSIM and compare its simulation results with predictive 
TRANSP runs for an NSTX-U scenario, demonstrating close agreement 
in plasma parameter predictions with significantly reduced computa-
tion times. These fast computation times, combined with COTSIM’s 
modular and intuitive design, make it a strong candidate for a variety 
of applications such as scenario planners and digital twins.

2. Plasma equilibrium modeling in COTSIM

2.1. Analytical solution to the GSE

The plasma magnetic equilibrium can be modeled using the cylin-
drical coordinate system (𝑅, 𝑍, 𝜙). By assuming toroidal axisymmetry 
the equilibrium can be represented by the well-known Grad-Shafranov 
Equation (GSE), [16,17],
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where 𝜓(𝑅,𝑍) is the poloidal magnetic flux, 𝐽𝜙(𝑅,𝑍) is the toroidal 
current density, 𝜇0 is the permitivity of free space, and 𝑝 is the plasma 
pressure. The toroidal field function is defined as 𝑓 = 𝑅𝐵𝑡, where 
𝐵𝑡(𝑅,𝑍) is the toroidal magnetic field [18]. As indicated by (2), 𝐽𝜙
is physically dependent on 𝜓(𝑅,𝑍), making the GSE a nonlinear el-
liptic PDE . While this type of equation can be difficult to solve 
analytically, previous work such as [19,20], and [21] have done so 
by assuming 𝐽𝜙 takes the form of a given function, thus constraining 
the right hand side of the equation. Separation of variables can then 
be employed to produce a general analytic solution to the GSE with 
various unknown constants. These constants are then solved for using 
2 
boundary conditions imposed at the last closed flux surface, which are 
derived from the major radius 𝑅0, the minor radius 𝑎, the elongation 
𝜅, and the triangularity 𝛿. Additional constraints related to the plasma 
current 𝐼𝑝 and poloidal beta 𝛽𝑝 are further imposed. Solving the system 
of equations produced by these constraints yields the full analytical 
equation for the two-dimensional poloidal flux map, 𝜓(𝑅,𝑍).

COTSIM is embedded with three solvers that find the solution to the 
GSE analytically. Each follows the general analytical method discussed 
in the previous paragraph, but have different particulars in technique. 
Throughout this work, these analytical solvers will be referred to as 
Equilibrium Solver 1, 2, and 3, and are respectively based on the ana-
lytical methods presented in [19,20], and [21]. Each of these analytical 
solvers simplify the GSE by assuming the form of the toroidal current 
density, 𝐽𝜙. The first two, Equilibrium Solver 1 and 2, assume that 𝐽𝜙
can be represented by the function that takes the general form, 

𝐽𝜙(𝑅) = − 1
𝜇0

(𝐶1𝑅 −
𝐶2
𝑅

), (3)

where 𝐶1 and 𝐶2 are constants determined by solving the boundary con-
dition and 𝛽𝑝, 𝐼𝑝, constraints. Notably this function is only dependent 
on the 𝑅 coordinate. A comparison of (2) and (3) makes evident that 
𝐶1 = −𝜇0(𝜕𝑝∕𝜕𝜓) and 𝐶2 = 𝑓 (𝜕𝑓∕𝜕𝜓). By substituting (3) back into the 
GSE (1), it is possible to split the solution 𝜓(𝑅,𝑍) into homogeneous 
and particular parts satisfying the left and right side of the GSE, 
respectively. The homogeneous solution takes the form of a polynomial 
series truncated after a chosen number of terms. Equilibrium Solver 1 
uses the analytical method in [19], which demonstrated this technique 
for a limited, horizontally symmetric plasma. The approach used by 
Equilibrium Solver 2, shown in [20], builds off [19] by truncating 
the polynomial series at a higher order term which yields a more 
versatile analytical function that is constrained by additional boundary 
conditions. Equilibrium Solver 2 also normalizes the (𝑅,𝑍) coordinate 
system by the major radius 𝑅0 and is suitable for limited, single, 
or double null plasmas. Equilibrium Solver 3, based on the method 
in [21], constrains the toroidal current slightly differently, 

𝐽𝜙(𝑅,𝑍) = 𝜓(𝑅,𝑍)(𝐶3𝑅 +
𝐶4
𝑅

), (4)

where the variables 𝐶3 and 𝐶4 are constants. While the second term 
is similar to (3), now 𝐽𝜙(𝑅,𝑍) is a 2D variable due to the dependence 
on 𝜓(𝑅,𝑍). Note that a comparison of (2) and (4) shows that 𝐶3 =
(𝜕𝑝∕𝜕𝜓)∕𝜓 and 𝐶4 = 𝑓 (𝜕𝑓∕𝜕𝜓)∕(𝜇0𝜓). After changing the coordinate 
system and separating variables, a general analytical solution is found 
in the form of a trigonometric series, and once again free parameters 
are determined via boundary conditions. Like Equilibrium Solver 2, 
Equilibrium Solver 3 includes solutions suited for both limited and 
diverted plasma types.

As mentioned earlier, each of these solvers use 𝐼𝑝 and 𝛽𝑝 to impose 
constraints on the analytical solution and solve for 𝜓(𝑅,𝑍). COTSIM 
considers the plasma current 𝐼𝑝 as an input, and 𝛽𝑝 is calculated as 
follows, 

𝛽𝑝 =
𝛽𝑡𝐵2

𝑡,0

𝐵2
𝑝,0

, (5)

where 𝐵𝑡,0 and 𝐵𝑝,0 are the toroidal and poloidal magnetic fields at the 
major radius 𝑅0. The poloidal magnetic field at 𝑅0 can be computed 
by, 

𝐵𝑝,0 =
𝜇0𝐼𝑝
𝑃𝑏

, (6)

where 𝑃𝑏 is the circumference of the last closed flux surface, consid-
ered the plasma boundary. The variable 𝛽𝑡 is the toroidal beta, one 
of the global parameters computed by COTSIM that is discussed in 
Section 3.5.
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Fig. 1. Notable coordinates on a given flux surface.

2.2. Computing equilibrium parameters

The transport equations in COTSIM assume that plasma properties 
are constant on each nested flux surface. This allows the flux surface 
to act as a spatial coordinate for plasma properties, and the tokamak 
environment can be reduced to 1D, i.e. a given property 𝑋(𝑅,𝑍)
becomes 𝑋(𝜓). COTSIM uses the effective minor radius to index flux 
surfaces, 

𝜌 =

√

𝛷
𝜋𝐵𝑡,0

. (7)

The variable 𝛷 is the toroidal magnetic flux, defined as, 

𝛷(𝜓) = ∫𝐴(𝜓)
𝐵𝑡𝑑𝐴, (8)

where 𝐴(𝜓) is the area of the flux surface with the constant value of 
𝜓(𝑅,𝑍). This can be expressed as, 

𝐴(𝜓) = ∫

𝑅2(𝜓)

𝑅1(𝜓)
[𝑍𝑡(𝜓,𝑅) −𝑍𝑏(𝜓,𝑅)]𝑑𝑅, (9)

where the variables 𝑅1(𝜓) and 𝑅2(𝜓) are the minimum and maximum 𝑅
coordinates of the flux surface, and 𝑍𝑡(𝜓,𝑅) and 𝑍𝑏(𝜓,𝑅) are the top 
and bottom 𝑍 coordinate of the flux surface at a specific 𝑅 position. 
These coordinates are labeled in Fig.  1. By substituting (8) and (9) 
into (7) and using the definition of 𝑓 , it is possible to solve for 𝜌(𝜓), 

𝜌(𝜓) =

√

1
𝜋𝐵𝑡,0 ∫

𝑅2

𝑅1

𝑓 (𝜓)
𝑅

(𝑍𝑡(𝜓,𝑅) −𝑍𝑏(𝜓,𝑅))𝑑𝑅. (10)

Note that these analytical solvers assume that 𝑓 (𝜓) is constant on flux 
surfaces. The 2D coordinate grid (𝑅,𝑍), is now mapped to a 1D spatial 
coordinate indexed by 𝜌. Finally, this coordinate is normalized, 
𝜌̂ = 𝜌∕𝜌𝑏,∈ {0, 1} (11)

where 𝜌𝑏 is the effective minor radius of the plasma boundary.
The poloidal flux map 𝜓(𝑅,𝑍) is also used to compute several other 

equilibrium parameters that are included in the transport equations in 
Section 3. The major and minor radius of each flux surface, 𝑅𝜓0 (𝜌̂), and 
𝑎𝜓 (𝜌̂) are found using,

𝑅𝜓0 (𝜌̂) =
𝑅1(𝜌̂) + 𝑅2(𝜌̂)

2
, (12)

𝑎 (𝜌̂) =
𝑅2(𝜌̂) − 𝑅1(𝜌̂) . (13)
𝜓 2

3 
Note that now 𝜌̂ and not 𝜓 is being used to index the flux surface. The 
volume of each flux surface is determined via the equation, 

𝑉 (𝜌̂) = 2𝜋 ∫

𝑅2

𝑅1

𝑅
(

𝑍𝑡(𝜌̂) −𝑍𝑏(𝜌̂)
)

𝑑𝑅. (14)

The normalized equilibrium parameters 𝐹 (𝜌̂), 𝐺̂(𝜌̂), and 𝐻̂(𝜌̂) are de-
fined as follows, 

𝐹 ≜
𝑅0𝐵0
𝑓 (𝜌̂)

, 𝐺̂ ≜

⟨

𝑅2
0

𝑅2
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⟩

, 𝐻̂ ≜ 𝐹 (𝜌̂)
⟨𝑅2

0∕𝑅
2
⟩

, (15)

where the symbols ⟨⟩ denote a flux surface average. As shown in [22], 
flux averaged values can be written as, 

⟨𝑋⟩ (𝜌̂) =
∫𝑃

𝑋
𝐵𝑝
𝑑𝑙

∫𝑃
1
𝐵𝑝
𝑑𝑙
, (16)

where 𝑋(𝑅,𝑍) is a generalized 2D value. The variable 𝑃 (𝜌̂) is the 
contour of the flux surface and 𝑙 is a differential unit vector along 𝑃 . 
Therefore, 

⟨

𝑅2
0∕𝑅

2⟩ (𝜌̂) = 𝑅2
0

∫𝑃
1

𝑅2𝐵𝑝
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, (17)

The poloidal magnetic field is determined from the flux map, 

𝐵𝑝(𝑅,𝑍) = 1
𝑅
▿𝜓 × 𝑒𝜙 = 1

𝑅

√

(

𝜕𝜓
𝜕𝑅

)2
+
(

𝜕𝜓
𝜕𝑍

)2
, (18)

where 𝑒𝜙 is the toroidal unit vector. After substituting (18) into (17) 
and finding 𝐹 , it is possible to solve for 𝐻̂ . The parameter 𝐺̂ is 
determined by transforming the gradient of 𝜌, 

|▿𝜌|2 =
(

𝜕𝜌
𝜕𝜓

)2
|▿𝜓|2 =

(

𝜕𝜌
𝜕𝜓

)2
[

(

𝜕𝜓
𝜕𝑅

)2
+
(

𝜕𝜓
𝜕𝑍

)2
]

, (19)

which allows 𝐺̂ to be written as, 

𝐺̂(𝜌̂) = 𝑅2
0

(

𝜕𝜌
𝜕𝜓

)2 ∫𝑃 𝐵𝑝𝑑𝑙
∫𝑃 1∕𝐵𝑝𝑑𝑙

. (20)

The equilibrium parameters can now be calculated given the flux 
𝜓(𝑅,𝑍), 𝑅0, and 𝐵0.

Figs.  2 and 3 show comparisons of the computed equilibrium pro-
files between each of the discussed analytical equilibrium solvers and 
TRANSP, which computes the equilibrium using the fixed-boundary 
code TEQ [23]. The analytical solver inputs, i.e. 𝑅0, 𝑎, 𝜅, 𝛿, 𝐼𝑝, and 𝛽𝑝
were taken from NSTX-U experimental shot 204985 at 𝑡 = 1.1 s. As 
shown by Fig.  2(a), 𝐽𝜙(𝜌̂) calculated using Equilibrium Solver 1 and 2 
has significant variation with TRANSP due to the assumptions made 
by (3). In contrast, Equilibrium Solver 3 matches TRANSP’s 𝐽𝜙 fairly 
well. Because of this, Equilibrium Solver 3 has the closest matching 
to TRANSP for the other equilibrium profiles, with no profile showing 
significant deviation. Even with the 𝐽𝜙 mismatch, Equilibrium Solver 
1 and 2 are able to match TRANSP for many of the other equilibrium 
profiles. However, Equilibrium Solver 1 underpredicts 𝐹 , 𝐻̂ , and 𝑅𝜓0 , 
and has a flatter 𝐺̂ profile. Equilibrium Solver 2 shows a mismatch with 
𝐹  and overpredicts 𝐻̂ toward the core, but otherwise matches TRANSP 
approximately as well as Equilibrium Solver 3.

3. Plasma transport modeling in COTSIM

COTSIM contains several one-dimensional transport models. It con-
verts continuous transport PDE’s to a discrete series of ODE’s by using 
the finite differences method, and operates with a fixed-time-step. 
Transport equations can be run either implicitly, explicitly, or hybrid, 
with initial conditions established by the user.
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Fig. 2. Comparison of 𝐽𝜙 and the normalized equilibrium profiles 𝐹 , 𝐺̂, and 𝐻̂ calculated using each of COTSIM’s analytical equilibrium solvers and a TEQ equilibrium. The shape 
parameters, 𝐼𝑝, and 𝛽𝑝 were taken from NSTX-U experimental shot 204985 at 𝑡 = 1.1 s.
Fig. 3. Comparison of 𝑆, 𝑉 , 𝑅𝜓0 , and 𝑎𝜓 calculated using each of COTSIM’s analytical equilibrium solvers and TRANSP.
3.1. Magnetic diffusion equation

The poloidal magnetic flux evolution is governed by the magnetic 
diffusion equation (MDE), derived from Gauss’s law, Ampere’s law, and 
the MHD momentum equation [24]. This equation can be written as,
𝜕𝜓
𝜕𝑡

=
𝜂(𝑇𝑒)

𝜇0𝜌𝑏2𝐹 2
1
𝜌̂
𝜕
𝜕𝜌̂

(

𝜌̂𝐹 𝐺̂𝐻̂
𝜕𝜓
𝜕𝜌̂

)

+ 𝜂(𝑇𝑒)𝑅0𝐻̂𝐽𝑛𝑖, (21)

𝜕𝜓
𝜕𝜌̂

|

|

|

|𝜌̂=0
= 0,

𝜕𝜓
𝜕𝜌̂

|

|

|

|𝜌̂=1
= −𝑘𝐼𝑝𝐼𝑝(𝑡), (22)

where 𝜂(𝑡, 𝜌̂) is the plasma resistivity, 𝑇𝑒(𝑡, 𝜌̂) is the electron temper-
ature, and 𝐽𝑛𝑖(𝑡, 𝜌̂) is the noninductive current deposition, which is 
composed of the auxiliary current 𝐽𝑎𝑢𝑥 and the bootstrap current 𝐽𝑏𝑠. 
In this work, it is assumed that the auxiliary current comes solely 
from neutral beam injection, 𝐽𝑎𝑢𝑥 = 𝐽𝑛𝑏. This is modeled using a 
neural-network surrogate model for NUBEAM [25], further discussed 
in Section 4. The bootstrap current is calculated using the Sauter 
model detailed in [26]. The plasma resistivity 𝜂 is computed from the 
simplified Spitzer model shown in [8]. The parameter 𝑘𝐼𝑝 that factors 
into the boundary condition at the plasma edge is another equilibrium 
parameter, mathematically defined as 𝑘𝐼𝑝 ≜ 𝜇0𝑅0∕(2𝜋𝐺̂(1)𝐻̂(1)).

The safety factor profile is inversely related to the spatial derivative 
of the poloidal magnetic flux, 

𝑞(𝑡, 𝜌̂) = −
𝐵𝑡,0𝜌2𝑏 𝜌̂
𝜃(𝑡, 𝜌̂)

, (23)

where 𝜃(𝑡, 𝜌̂) ≜ 𝜕𝜓∕𝜕𝜌̂. This parameter measures the magnetic pitch and 
is related to the magneto-hydrodynamic stability of the plasma.
4 
3.2. Heat transport equation

The temperature evolution for a general species (either electron or 
ion) is dictated by the heat transport equation (HTE) [27], which can 
be expressed as,

3
2
𝜕
𝜕𝑡
(𝑛𝑒,𝑖𝑇𝑒,𝑖) =

1
𝜌2𝑏𝐻̂𝜌̂

𝜕
𝜕𝜌̂

[

𝜌̂ 𝐺̂𝐻̂
2

𝐹
(𝜒𝑒,𝑖𝑛𝑒,𝑖)

𝜕𝑇𝑒,𝑖
𝜕𝜌̂

]

+𝑄𝑒,𝑖, (24)

𝜕𝑇𝑒,𝑖
𝜕𝜌̂

|

|

|

|

|
̂𝜌=0

= 0, 𝑇𝑒,𝑖(𝜌̂𝑝𝑒𝑑 ) = 𝑇 𝑝𝑒𝑑𝑒,𝑖 , (25)

where 𝑇𝑒,𝑖 is the temperature of the electron/ion species, and similarly 
𝑛𝑖,𝑒 is the species density, 𝜒𝑒,𝑖 is the diffusivity, and 𝑄𝑒,𝑖 is the heat de-
position. It is important to note that for H-mode plasmas this equation 
is only valid in the core region, with the temperature of the pedestal 
being computed separately. The outer boundary condition is set by the 
pedestal location and height, 𝜌̂𝑝𝑒𝑑 and 𝑇 𝑝𝑒𝑑𝑒,𝑖 .

While COTSIM does have 0D and 1D transport equations for the 
density evolution, in this work the density of each species is computed 
using a simplified half-dimensional model, 
𝑛𝑒,𝑖(𝜌̂, 𝑡) = 𝑛𝑝𝑟𝑜𝑓𝑒,𝑖 (𝜌̂)𝑛̄𝑒,𝑖(𝑡), (26)

where is 𝑛𝑝𝑟𝑜𝑓𝑒,𝑖  is a constant profile, often taken from an experimental 
time slice, and 𝑛̄𝑒,𝑖 is the line averaged density.

3.3. Thermal electron and ion diffusivities

The species diffusivities 𝜒𝑒,𝑖 are composed of neoclassical and
anomalous contributions, 
𝜒 = 𝜒𝑛𝑐 + 𝜒𝑎𝑛, (27)
𝑒,𝑖 𝑒,𝑖 𝑒,𝑖
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where 𝜒𝑛𝑐𝑒,𝑖 is the neoclassical diffusivity and 𝜒𝑎𝑛𝑒,𝑖  is the anomalous 
diffusivity due to various turbulent modes. The neoclassical diffusivity 
is calculated using the Chang-Hinton model [28], and the anomalous 
contribution is calculated using a surrogate model for the Multi-mode 
Module (MMM) [29], further discussed in Section 4. It is also possible 
to include the paleoclassical diffusivity, 𝜒𝑝𝑎𝑙𝑒  [30,31], in the electron 
diffusivity calculation.

3.4. Heat sources

The electron and ion heat depositions for a non-burning plasma are 
composed of the following sources,
𝑄𝑒 =𝑄𝑜ℎ𝑚𝑒 −𝑄𝑟𝑎𝑑𝑒 −𝑄𝑐𝑜𝑙𝑙𝑖𝑒 +𝑄𝑛𝑏𝑒 , (28)

𝑄𝑖 =𝑄𝑐𝑜𝑙𝑙𝑖𝑒 +𝑄𝑛𝑏𝑖 , (29)

where 𝑄𝑜ℎ𝑚𝑒  is the ohmic heating, 𝑄𝑟𝑎𝑑𝑒  is the radiative heat loss, 𝑄𝑐𝑜𝑙𝑙𝑖𝑒
is the ion-electron collisional heating, and 𝑄𝑛𝑏𝑒  and 𝑄𝑛𝑏𝑖  are the beam 
heating sources to electrons and ions, respectively.

The ohmic heating is computed as, 
𝑄𝑜ℎ𝑚𝑒 = 𝜂𝐽𝜙

2, (30)

where the variable 𝐽𝜙(𝜌̂, 𝑡) is the total toroidal ohmic current density. 
This can be expressed as, 

𝐽𝜙(𝜌̂, 𝑡) = − 1
𝜇𝑅0𝜌2𝑏𝐻̂

1
𝜌̂
𝜕
𝜕𝜌̂

(

𝜌̂𝐺̂𝐻̂
𝜕𝜓
𝜕𝜌̂

)

, (31)

which is notably similar to the first term of the MDE (21). The ohmic 
heating is one of the ways that the kinetic and magnetic profile evolu-
tions are coupled.

The radiative heating is assumed to be dominated by
Bremsstrahlung radiation, modeled as 
𝑄𝑟𝑎𝑑𝑒 = 𝑘𝑏𝑟𝑒𝑚𝑍𝑒𝑓𝑓 𝑛

2
𝑒

√

𝑇𝑒, (32)

where 𝑘𝑏𝑟𝑒𝑚 = 5.5 × 10−37 W m3
√

keV
−1 is the Bremsstrahlung radi-

ation coefficient and 𝑍𝑒𝑓𝑓  is the effective charge of the plasma. The 
ion-electron collisional heating is determined by the equation, 

𝑄𝑐𝑜𝑙𝑙𝑖𝑒 =
3𝑛𝑒
2𝜏𝑒𝑖

(𝑇𝑒 − 𝑇𝑖), (33)

where 𝜏𝑒𝑖 is the energy relaxation time, which is mathematically de-
fined in [32] and explained in [33]. The neutral beam heating, 𝑄𝑛𝑏𝑒
and 𝑄𝑛𝑏𝑖 , are calculated using a neural network surrogate model for 
NUBEAM [25], further discussed in Section 4.

3.5. Global plasma parameters

Advanced tokamak scenarios are often characterized by global vari-
ables such as fusion gain, greenwald fraction, magnetic shear, and, for 
burning plasmas, power gain 𝑄 and net power produced. To determine 
if the spherical tokamak is a desirable concept for fusion energy pro-
duction, one goal of NSTX-U is to achieve a high 𝛽𝑁  [34]. Additionally, 
due to small aspect ratio tokamaks having less room in the center stack 
for ohmic coils, spherical tokamaks like NSTX-U seek to generate a 
significant portion of non-inductive current drive, 𝑓𝑛𝑖 [35]. Therefore it 
would be beneficial to predict both 𝛽𝑁  and 𝑓𝑛𝑖 while planning NSTX-U 
scenarios. To calculate 𝛽𝑁 , it is first necessary to compute the plasma 
thermal energy, 

𝑊 = ∫

1

0

𝜕𝑉
𝜕𝜌̂

(

𝑇𝑒𝑛𝑒 + 𝑇𝑖𝑛𝑖
)

𝑑𝜌̂. (34)

The toroidal beta, 𝛽𝑡 is a measure of the plasma internal pressure and 
the external pressure imposed by the toroidal magnetic field, 

𝛽𝑡 =
𝜇0

(

𝑊 + ∫ 1
0

𝜕𝑉
𝜕𝜌̂ 𝑝𝑓𝑖𝑑𝜌̂

)

2
, (35)
2𝐵𝑡 𝑉 (1)

5 
Fig. 4. The passing of variables between the transport solver and the equilibrium solver 
in COTSIM.

where 𝑉 (1) is the total volume of the plasma found by solving (14) at 
the plasma boundary, and 𝑝𝑓𝑖 is the fast ion pressure computed from 
NUBEAMNet. This value is then often normalized as follows, 

𝛽𝑁 =
𝛽𝑡

𝐼𝑝∕(𝑎𝐵𝑡,0)
. (36)

The noninuctive current fraction is a measure of the percentage of total 
plasma current that is not generated by the ohmic coil, 

𝑓𝑛𝑖 =
1
𝐼𝑝 ∫

1

0

𝜕𝐴
𝜕𝜌̂

(𝐽𝑛𝑏 + 𝐽𝑏𝑠)𝑑𝜌̂. (37)

Fig.  4 shows the passing of variables between the equilibrium and 
transport solvers in COTSIM. At each timestep the analytical equilib-
rium solver computes the 2D magnetic flux, which is used to calculate 
the equilibrium profiles discussed in Section 2.2. These profiles are 
then used in the 1D equations discussed in this section that evolve 
various plasma profiles and scalars for the next timestep. At the sub-
sequent timestep, the updated 𝛽𝑝, 𝐼𝑝, and plasma boundary shape 
parameters (𝑅0, 𝑎, 𝜅, 𝛿) are used to recompute the 2D flux. Note that 
since temperature, density, and the fast ion pressure influence 𝛽𝑝 and 
hence the equilibrium, the plasma equilibrium and transport are fully 
coupled. The auxiliary power 𝑃𝑎𝑢𝑥 and a density input (in this work 𝑛̄𝑒) 
are inputs to the transport solver. The boundary shape parameters are 
inputs to the fixed-boundary equilibrium solver and the plasma current 
is a shared input to both the equilibrium and transport solvers. 

4. Neural-network-based surrogate models

As mentioned, COTSIM has incorporated several neural-network 
surrogate models to recreate the results of physics-based codes without 
the associated long computational times. This has improved COTSIM’s 
prediction accuracy while maintaining reasonable computation speeds. 
The surrogate models detailed in this work have been trained using 
TRANSP runs based on shots from the NSTX-U 2016 run campaign, 
and are therefore machine specific. Similar surrogate models have been 
created for DIII-D [12] and EAST [13].

MMMNet [29] is a surrogate model for the Multi-mode Module 
(MMM), a one-dimensional turbulent transport module that calculates 
the thermal, particle, and momentum diffusivities, [36–38]. MMMNet 
was trained on a database of over 500,000 time slices taken from 
approximately 600 TRANSP runs that predicted anomalous diffusivities 
using MMM version 9.1. The data was preprocessed by removing non-
physical outliers, smoothing output profiles, and normalizing input and 
output values. Six separate two-layer, 120 node per layer networks 
were trained for each of the six anomalous diffusivities, with the 
inputs to each network being identical to MMM. This network has 
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Fig. 5. Poloidal flux contours for TRANSP and COTSIM for various times throughout the simulated NSTX-U discharge.
Fig. 6. Comparison of plasma equilibrium profiles at 𝑡 = 0.2 s and 𝑡 = 1.6 s.
been embedded in COTSIM to calculate the anomalous electron and 
ion thermal diffusivities, 𝜒𝑎𝑛𝑒  and 𝜒𝑎𝑛𝑖 , and future efforts will expand its 
uses to rotation and density prediction.

NUBEAMNet, first presented in [25], is a surrogate model for 
NUBEAM, a Monte-Carlo code that predicts the impact of neutral 
beam injection on the plasma [39,40]. NUBEAMNet is made up of 
three networks trained on a database of 100,000 time slices from 
approximately 1000 TRANSP runs. Principle component analysis was 
used to reduce the dimensionality of profiles and the beam powers were 
passed through a low pass filter to account for the impact of recent 
beam injection on the plasma state. This network has been embedded 
in COTSIM and is used to calculate the beam current deposition (𝑗𝑛𝑏) 
used in the MDE (21), the beam heating depositions (𝑄𝑛𝑏𝑒  and 𝑄𝑛𝑏𝑖 ) used 
in the HTE (24), and the fast ion pressure (𝑝𝑓𝑖) used in (35).

5. COTSIM validation for an NSTX-U scenario

COTSIM’s predictions of the plasma state have been validated 
against TRANSP, an established 1.5D transport code that combines var-
ious physics models to provide a comprehensive picture of the plasma 
evolution in a tokamak discharge [41]. TRANSP was designed to be 
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able to either predict plasma values or take them from experimental 
data depending on the needs of the user. In order to make one-to-
one comparisons between plasma models in TRANSP and COTSIM, 
TRANSP predicts the electron and ion temperature as well as the safety 
factor profile, and the plasma equilibrium is computed using the fixed-
boundary code TEQ. Additionally, the Chang-Hinton model solves for 
the neoclassical diffusivities, the anomalous diffusivities are predicted 
using MMM, the Spitzer model calculates the plasma resistivity, and 
the Sauter model is used for bootstrap current. These specific models 
were chosen to correspond with equivalent models used by COTSIM 
(or a neural-network surrogate). However, it is important to note that 
COTSIM makes certain simplifications in the implementation of these 
models to reduce computation time.

A predictive TRANSP run and an equivalent COTSIM simulation 
were conducted based on the NSTX-U experimental shot 204149 from 
the 2016 run campaign. The initial profiles, plasma current 𝐼𝑝, NBI ac-
tuator power trajectories 𝑃𝑎𝑢𝑥, and boundary shape parameters, 𝑅0, 𝑎 𝜅, 
and 𝛿, were all taken from the experimental shot. The experimental 
temperature pedestal was used for both the TRANSP and COTSIM 
simulations. COTSIM was run with a timestep of 0.01 s, 21 spatial 
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Fig. 7. Comparison of electron and ion temperatures and anomalous diffusivities at 𝑡 = 0.5 s and 𝑡 = 1.5 s.
Fig. 8. Comparison of Magnetic flux, safety factor profile, and toroidal current profile at 𝑡 = 1.5 s.
Fig. 9. Comparisons of NBI current, electron and ion heating, and fast ion pressure depositions between TRANSP and COTSIM at 𝜌̂ = 0.1.
nodes, and a hybrid numerical scheme. Equilibrium Solver 3 was used 
to calculate the plasma magnetic equilibrium.

Fig.  5 shows the 2D flux map 𝜓(𝑅,𝑍) at several times throughout 
the shot. While there is some deviation at 𝑡 = 0.2 s, at each of 
the subsequent times there is fairly good matching between TRANSP 
and COTSIM. The equilibrium profiles for TRANSP and COTSIM are 
presented in Fig.  6, demonstrating how COTSIM is able to recreate 
TRANSP’s profiles for significantly different equilibria. Similarly, Fig. 
7 shows how COTSIM is able to recreate TRANSP’s electron and ion 
temperature profiles using MMMNet to predict the anomalous ther-
mal diffusivities. These results demonstrate that COTSIM+MMMNet 
remains accurate over an extended simulation time and does not di-
verge from the TRANSP+MMM solution. Note that the black dots in the 
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temperature plots indicate the position of the pedestal. As mentioned, 
in this study COTSIM only solved for the core temperature. 

Throughout a COTSIM simulation, various profiles are computed 
both via transport equations and within the equilibrium solver. These 
profiles are shown in Fig.  8, with the red line indicating the profile 
calculated via a transport equation and the blue line indicating a profile 
computed within the equilibrium solver. While there is a differentiation 
in these profiles, this was expected due to the different assumptions 
made by the equilibrium/transport solvers, such as those discussed in 
Section 2. Despite this, however, there is fairly good agreement in the 
profiles, indicating a reasonable degree of self-consistency within COT-
SIM. Furthermore, the profiles computed via the transport equations 
show a strong matching to those computed by TRANSP. Ultimately, 
COTSIM considers the transport profiles the official prediction. Fig. 
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Fig. 10. Comparison of global plasma parameters 𝛽𝑁 , 𝛽𝑝, and 𝑓𝑛𝑖 between TRANSP and COTSIM.
Table 1
Computation times of each analytical equilibrium solver embedded in COTSIM.
 Equilibrium solver Solver 1 Solver 2 Solver 3 
 Comp. time (s) 0.033 0.031 0.101  
 COTSIM time (s) 9.54 9.01 20.81  

9 displays the NBI current, heating, and fast ion depositions at 𝜌̂ =
0.1.The NBI current deposition peaks approximately at 𝜌̂ = 0.1 while the 
heating and fast ion depositions peak on-axis. COTSIM with NUBEAM-
Net demonstrates good agreement to TRANSP with NUBEAM. The 
trajectories for the global plasma parameters 𝛽𝑁  and 𝑓𝑛𝑖 are presented 
in Fig.  10. COTSIM predicts a slightly higher 𝛽𝑁  than TRANSP, partly 
due to periods of over-prediction in NBI heating. Conversely, the 𝛽𝑝
computed by COTSIM is often slightly lower than TRANSP because 
COTSIM calculates a larger value of 𝐵𝑝,0. The non-inductive current 
fraction 𝑓𝑛𝑖 calculated by COTSIM is closely comparable to TRANSP.

COTSIM is able to perform these simulations on relatively short 
time scales. As mentioned, COTSIM has been designed to be flexible 
in terms of speed and accuracy trade-offs. COTSIM’s modular design 
with alternative models of varying complexities allows the user to 
find a balance in accuracy and computation time depending on their 
needs. Similarly, the timestep and the 2D and 1D grid sizes offer 
speed/accuracy trade-offs. Computation times for this work are listed 
in Table  1. The first row lists the average time of a given analytical 
equilibrium solver, while the second row lists the total time of an 
NSTX-U simulation using that solver. Equilibrium Solvers 1 and 2 
have comparable computation times, while Equilibrium Solver 3 is 
approximately three times longer due to the additional complexity of 
the analytical method. Each COTSIM simulation had a total of 171 
timesteps with the equilibrium recomputed at each timestep. Since the 
equilibrium calculation is often the majority of the total computation, 
it is possible to significantly reduce simulation times by only updating 
the equilibrium after a given number of timesteps throughout the 
discharge. In comparison, predictive TRANSP runs are often several 
hours long. Summing up, COTSIM is able to simulate a time-varying 
NSTX-U discharge with close to the prediction accuracy of TRANSP 
while maintaining reasonably quick computation times.

6. Conclusion

COTSIM is a 1.5D transport code that simulates a fully integrated 
plasma equilibrium and transport evolution for a tokamak discharge. 
It has a modular design and intuitive workflow that allows the user to 
easily vary the model complexity and numerical grid size to find an 
appropriate balance between accuracy and speed. COTSIM has trans-
port equations for the poloidal flux and the electron/ion temperature, 
which are supplemented with several neural-network surrogate models 
that predict the anomalous diffusivities and the NBI current and heating 
8 
depositions. COTSIM also has three embedded fixed-boundary analyti-
cal equilibrium solvers that calculate the 2D poloidal flux map, yielding 
a fully integrated transport-equilibrium simulation of the plasma. COT-
SIM has been verified against TRANSP, which demonstrates that it 
can predict NSTX-U plasma scenarios with a close degree of accuracy, 
while reducing the computation time several orders of magnitude. 
COTSIM’s combination of accuracy and speed, along with the modular 
and intuitive design of the code, make it uniquely suited for future 
integration within larger code suites such as scenario planners or full 
digital twins of the tokamak environment.
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