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high-performance plasmas is one of the primary objectives of the National Spherical Tokamak eXperiment-
Upgrade (NSTX-U). Active control of the plasma may be necessary to achieve these conditions. In particular,
control algorithms that can simultaneously optimize the shapes and values of plasma profiles and scalars,
respectively, may play a critical role in robustly achieving and sustaining these advanced scenarios. In this
work, a model-based optimal control algorithm is developed for feedback control of the current profile in
NSTX-U. The linear, finite-dimensional, control model is derived by discretizing and linearizing the magnetic
diffusion equation in combination with empirical correlations for electron density, electron temperature, and
noninductive current drives. The linear, time-variant model is then used for designing a linear—quadratic—
integral (LQI) controller that is capable of regulating both the safety factor and the normalized beta around
desired targets. The controller determines the neutral beam injection powers and the overall plasma current
that are needed to achieve the desired current profile and normalized beta. The proposed controller is tested in
higher-fidelity nonlinear simulations that employ 1D models for the evolutions of both current and temperature
profiles using the Control Oriented Transport SIMulator (COTSIM). The closed-loop simulations show the
effectiveness of the controller at shaping the safety factor in NSTX-U while achieving the desired normalized
beta.

Linear-Quadratic-Integral
Safety factor control
Normalized beta control

1. Introduction plasma [2,3]. Thus, regulating these parameters simultaneously around

the desired targets is essential to achieving AT scenarios. However,

The National Spherical Tokamak eXperiment-Upgrade (NSTX-U)
is one of the major spherical torus facilities in the world. NSTX-U
went through two primary upgrades that differentiates it from the
former NSTX device. The first upgrade is a complete replacement of
the center stack, the Ohmic heating, and some divertor coils. Due to
these replacements, both the toroidal field and the plasma current
capabilities have increased from 0.55 to 1.0 T and 1.3 to 2.0 MA,
respectively. The second upgrade is the addition of a second neutral
beam injector with more tangential injection, which results in higher
auxiliary heating power and neutral beam current drive. One of the
NSTX-U objectives is to explore the capability of the spherical facility
to produce and sustain advanced tokamak (AT) scenarios, which are
characterized by steady-state operation, stable plasma confinement,
and high-performance plasma [1].

The safety factor profile (a measure of the pitch of the helical
magnetic field) and normalized beta (the ratio between kinetic and
magnetic pressures) are plasma parameters critical to both the magne-
tohydrodynamic (MHD) stability and the performance of the confined
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varying plasma conditions and external disturbances may make sustain-
ing the desired scenario very difficult. Active control, i.e., feedforward
+ feedback control, could prove useful in regulating these plasma
parameters around the desired targets in such cases.

Various feedback control algorithms have been proposed to control
the safety-factor properties. Some of the existing control solutions
across different tokamaks include robust control [4-6], nonlinear con-
trol [7-9], optimal control [10,11], and model predictive control [12-
14]. Simultaneous control of the safety factor and the normalized
beta has also been explored for machines such as EAST [15-17],
DIII-D [18,19], and ITER [20]. An algorithm for simultaneous control
of the central safety factor and normalized beta has been proposed for
NSTX-U in [21]. However, a controller for simultaneous regulation of
the whole safety factor profile and normalized beta for NSTX-U still
needs to be developed.

In this work, a Linear—Quadratic-Integral (LQI) control algorithm
is proposed to achieve such control objective. The proposed controller
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Fig. 1. Magnetic configuration in a tokamak.

augments and improves the previous LQI design presented in [11] in
several ways. Firstly, the proposed controller is designed to regulate not
only the safety factor profile but also the normalized beta. Secondly, the
proposed controller determines in a direct way both the Neutral Beam
Injection (NBI) powers and the plasma current to track the given tar-
gets. This is different from the LQI controller in [11], which determines
the virtual inputs to achieve the control objective. The virtual inputs are
then converted to actual inputs (NBI powers, plasma current, and line-
averaged electron density) through solving an optimization problem in
real time. The controller proposed in this work skips this step since
it is synthesized using a linear model that treats the NBI powers and
plasma current as the system inputs. Thirdly, the proposed controller
regulates the safety factor profile and the normalized beta directly as
opposed to the one proposed in [11], which regulates the safety factor
profile indirectly through controlling the poloidal magnetic gradient.
Finally, the proposed controller is tested in higher-fidelity nonlinear
simulations that employ 1D models to predict the evolutions of both
current and temperature profiles using the Control Oriented Transport
SIMulator (COTSIM).

This paper is organized as follows. In Section 2, the control-oriented
response models are introduced. In Section 3, both the model-reduction
procedure and the control-algorithm design are thoroughly explained.
In Section 4, simulation results for various objectives are presented. In
Section 5, conclusions and future work are stated.

2. Models for poloidal magnetic flux and total energy

The helical magnetic field confining the plasma inside the tokamak
is a combination of the toroidal magnetic field B, and the poloidal
magnetic field B,. Magnetic field lines around the torus map regions
with identical poloidal magnetic flux ¥. The poloidal magnetic flux at
a point P is defined as ¥ £ [¢ B, - d.S, where S is the surface bounded
by a toroidal ring that crosses a point P on the poloidal plane and
is normal to the Z axis (Fig. 1). Under ideal MHD conditions, points
with constant magnetic flux form nested surfaces [22]. Any variable
that indexes the flux surfaces can be used as the spatial coordinate for
spatially dependent plasma parameters like the safety factor profile.
The chosen spatial coordinate in this work is the mean effective minor
radius, which is defined as p £ |/®/(B, ), where B, is the vacuum
toroidal magnetic field at the magnetic axis, R, is the major radius, and
@ is the toroidal magnetic flux. The normalized mean effective minor
is defined as p £ p/p,, where p, is the mean effective minor radius of
the last closed flux surface.

The safety factor profile is defined as the ratio between the number
of times a magnetic field line goes toroidally around the tokamak to
the number of times it goes around poloidally,
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where y is the poloidal stream function, and 6 is the poloidal flux
gradient.

2.1. Poloidal magnetic flux gradient profile

The evolution of the poloidal stream function y is given by the
magnetic diffusion equation (MDE) [2,23]

oy _ nT) 10 Ui - B)

= D, ]+ Ry H(T,) , O
o uospF2 5 0P [ T By
subject to the boundary conditions
d d R
= A LY ®)
9p =0~ 9p =1 2GH

where 7 is the plasma resistivity, T, is the electron temperature, g is
the vacuum permeability, R is the major radius, j,; is the noninductive
current density, B is the magnetic field, I, is the total plasma current,
(.) donates a flux-surface average, D, () £ F(»)G(p)H (p) and
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To convert the MDE (4) into a model useful for control synthe-
sis, control-oriented models for electron temperature, electron density,
plasma resistivity, NBI current-drive, and bootstrap current-drive have
been used in this work. A tight coupling between the electron and ion
is assumed in this work although this assumption can easily be relaxed.
Thus, the electron and ion densities and temperatures are assumed to
be identical such as n, ~ n; and T, ~ T;. The electron density is modeled
as

ne(p, 1) = nl" (p)ii(8), %)

where n”*/ is a normalized, nondimensional, reference electron-density

profile, and 7, is the line-averaged electron density. The electron tem-
perature profile is modeled as

TP"Df
T6.0) = by, (- 2 10\ P, ®

where P,, is the total power injected into the plasma, T/ is a
reference electron-temperature profile, I, is the total plasma current,
and ky, is a temperature profile constant. The resistivity is represented
as

ksp(DZeyy

T,(p. /%
where Z,,, is the effective atomic number, and k,, is a constant
profile. The noninductive current drive is produced by a combination
of auxiliary neutral beam drive and the bootstrap current drive, and is

expressed as

np.1) = )]

Mbi 4T R = R
<Jm B>(A 1= Z <an; B) " <.]b5 B>’ (10)
¢
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where j,;; is the noninductive current generated by the NBIs, n,, is
the number of NBIs, and j,, is the noninductive current generated by
bootstrap effect. The noninductive current drive generated by the ith
NBI power is modeled as

(i - B) dep, ~ V T,(p.1)

=k P(1), 11
By = P (= RO an

where i = 1,2, ...,n,,, P, is the NBI power, k,;,; is a normalizing profile,
.d . . . .

and /n;." is a reference profile for each current-drive source, which are

shown in Fig. 2.
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Fig. 2. Current deposition profile of NBIs.

The bootstrap current-drive is modeled as [24]

s - B) _Ry 0_11/]_1 y
Byy F |0p
o7,
aA + 2L+ L+ 4Ly,
where L3, £3,, L34, and « are factors that depend on the plasma mag-
netic configuration. Note that (12) assumes a tight coupling between
electrons and ions as indicated before.
Substituting (7),(8),(9),(10) into (4) yields a model that is exploited
in this work to design an LQI controller and has the form

(25T, %), 12)
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where f,, f;, fys can be expressed in terms of the various model profiles
and constants such as
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In the following analysis, the spatial and time dependencies are
dropped from all equations to simplify the presentation. Differentiating
(13) on both sides with respect to the spatial variables p results in a
partial differential equation (PDE) of the form

_3/2 _3/2 _3/2
66 ne 1 ne / n
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where () =0/0dp, and

hy =D, f,, 19
1
= (21);, + EDW)fW + Dwf,;, (20)
o 1., 1 , 1 ,
hy = (D)) + ;DW - ﬁDw)fn +(D), + EDU,)f”. (21)

2.2. Plasma stored energy

The evolution of the plasma total energy W can be modeled as

dw@ _ W)
dt ()

Py (). (22)

The energy confinement time z; is calculated using the IPB98(y,2)
scaling law and represented as [25]

g = 0.0562HH1093BO 15R1 97M0 19 058 04; 078P_069, (23)

tot

where Hy is the so-called H-factor, M is the plasma effective mass
in amu, ¢ £ a/R, is the inverse aspect ratio, i, o is the line-average
electron density in 10'° m=3, and « is the plasma elongation at the 95%
flux surface.

The plasma stored energy W is related to the normalized beta
as follows

(2/3)W [V, aBy
B} o/Cuo) 1,

where V,, is the plasma volume, and a is the minor radius of the plasma.

(24)

N =

3. Model reduction and control synthesis
3.1. Model reduction

A reduced-order model is needed for the synthesis of the feedback
controller. The PDE described in (17) is discretized in space using a
Taylor series approach. The infinite-dimensional model is discretized
into n nodes using a uniform grid,

" 1 A~ , N
Ap=——, p;=(>-14p,
n—1

i=(1,...,n). (25)
Denoting 6 at p; as 6; = 6(p;, ), first-order Taylor series expansions are
used to approximate the spatial derivatives of  for the interior nodes
(2 <i <n-1), which take the form

0_6: _ 01 _?i—l i 02_:9 _ i1 — 2?:‘ +0, . (26)
ap p=b; 24p 0p* =0 4p°

3.2. Model linearization
The discretized form of the PDE system (17)—(21) for the poloidal

magnetic flux gradient and the ODE (22) for the plasma total energy
yield a set of nonlinear ODEs of the form

Z = f(Z,u), 27)
where

Z =[6,,05,...,0, 1. WIT, (28)
u=1[I,,P,P,....P, 1" (29)

Linearizing (27) is required for the design of the LQL Thus, a first order
Taylor approximation around a reference trajectory is given by
. 7} 0
Z=fz ey + a—f z -z + L e, (30)
zref yref u zref yref

where the reference trajectory state Z"/ and input v’/ satisfies

Z’ref - f(Zref,uref). (31)
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By defining AZ = Z — Zz"/, and Au = u — u"*/, (30) becomes

AZ = AAZ + BAu, (32)
7} 7}
£ . p2% . 33)
Z”“fy"f./ u zref ,u"'f'

3.3. LQI control problem formulation

As the control objective is to track a desired output trajectory,
namely the safety factor and the normalized beta, the state equa-
tion (32) needs to be complemented with an output equation. There-
fore, using a Taylor series expansion around the reference trajectory
and neglecting higher-order terms, the deviation of the safety factor is
written as

B ()l’zl3
g= 2t 40, 34
0 zref yref

—_—
Cy

where 4q = g — ¢"¢/ and 46 = 6 — 6"¢/. The deviation of the normalized
beta from its reference trajectory value is expressed as

(2/3)/V, aByy —(2/3)W [V, aBy)
Béyo/(zﬂo) I,

N =

Au, (35)
zref yref

zresarer Byo/Quo) 1,7

G D,

where 4fy = fy — By"/ and AW = W — W'/, The output equation
takes the form

Ay = CAZ + DAu, (36)
where
c, 0 0
Ay=y— ref _ Ag. A T C = 1 1 D= 3
y=y-y [4q, 451", [02 ol D,|" 37)

and where 0, € RXMW 0, € RWDX0-2) 03 ¢ RWXW and m is the
number of control inputs.

Suppose that Z'" and u'*" are the target states and inputs, respec-
tively, that satisfy the governing equation

Z‘tar — f(Ztar’ umr)' (38)

Linearizing the above equation around a reference trajectory Z"/, u"e/
results in linear equations of the form

AZ% = AAZ + BA®, (39)
Ay? =CcAz? + DA, (40)
where Az = z' — zre/ | Ay? = yor — yef and Aud = u' — uwel .

Subtracting (39) and (40) from (32) and (36), respectively, results in
the following error model

AZ = AAZ + BAG, (41)
Ay = CAZ + DAa (42)

with AZ = AZ — AZ?, Ay = Ay — 4y, and Ai = Au — Au‘. To eliminate
any steady state error, the error state AZ is augmented with the time
integral of the output error Ay

t t
e(?) =/ Ay(r)dT =/ (v = y")(z)dz. (43)
fo fo
Thus, the new augmented state-space system is given by
x = A(x() + B(t) (), 44)
[ e .0 cl ~.[D
r= [AZ(t) - AS [0 A]’ B= [B]' (45)
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With the incorporation of the integral error as a state in the con-
trol model, the linear—quadratic regulator becomes a linear-quadratic
integral controller. The LQI optimal control problem can be stated as

.
min J (1) = %7 (t )Pt )R(t ;) + /(xTQx + A" RAm)d1, (46)
U t(]

subject to Q € RUMMX(m+tm R o Rmxm, (47)

The solution of the LQI problem formulated in (46) and (47) is obtained
by solving the differential Riccati equation

P=-PA-A"P+PBR'BTP -0, (48)

using P(t) from (46), where P is a symmetric positive definite matrix
used to compute the feedback gain K needed for the feedback input 4z,

K=R'B"P, (49)
Ai = —KX. (50)

During the flattop phase of the discharge, the augmented matrices A
and B remain approximately time-invariant. In this case, the matrix P
can be approximated by P, which is obtained by solving the algebraic
Riccati equation,

ATP+PA-PBR'BTP+0Q=0. (51)
This steady-state solution of the LQI problem (46)-(47) assumes that
lim,_, ., P = P, i.e. the sequence P(f) converges to a constant matrix P.

In this case, the integral in (46) is formally defined between 0 and cc.
The overall control architecture is shown in Fig. 3.

4. Controller testing in COTSIM for an NSTX-U scenario
4.1. Implemented plasma models in COTSIM

The LQI controller presented in Section 3 has been tested using
COTSIM, which is a control-oriented 1D simulator developed by the
Plasma Control Group at Lehigh University. The simulation study in
this work combines the MDE with the electron heat transport equation,
which can be written as

30 1 10 [,GH? oT,
39, ry=_1 191, Zell 0., 52
201" P20 5 0p [” 2 ("""e 0p & (52)

where y, is the electron thermal diffusivity, and Q, is the electron-
heat deposition from different sources such as Ohmic, radiation, and
electron—ion collision heating. Different analytical models are avail-
able in COTSIM for neoclassical and anomalous transport such as
Chang-Hinton, Bohm/gyro-Bohm model, and Coppi-Tang.

4.2. Simulation study in NSTX-U scenario

The ability of the controller to regulate the g profile as well as gy
around desired targets for NSTX-U scenarios has been studied in simula-
tions. The feedforward inputs are held constant at 1 MA for the plasma
current and 1 MW for each of the NBI powers. The plasma current and
all 6 NBIs are used as actuators for this study. The constraints of the
physical actuators are held at different levels: 0.3-1.5 MA for the plasma
current, and 0.0-3.0 MW for each of the NBI powers. The controlled
variables are g(p = 0.1,0.3,0.5,0.7,0.9), and gy . The feedback controller
is activated at 2 sec.

The targets used in the feedforward (FF) + feedback (FB) case have
been generated in a separate simulation run by varying the evolutions
of NBI powers and plasma current. This guarantees that the targets
are indeed feasible. Fig. 4(a) shows the ¢ profile at + = 4 s, while
Fig. 4(b)-(e) show its evolution at 5 = 0.1,0.5,0.7,0.9. The evolution of
Py is shown in Fig. 4(f). The figures compare FF and FF+FB evolutions,
showing how the FB controller “corrects” the FF evolution in order to
avoid the deviations from the targets starting at around ¢ = 2.5 s. This
correction of the plasma trajectory is achieved by modifying the FF
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Fig. 3. Architecture of the LQI scheme, where the control component 4i is obtained as a state-feedback law based on the augmented state % = [e” 4Z7]".
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Fig. 4. Nonlinear simulations using the Coppi-Tang model comparing the time evolutions of the feedforward-only and feedforward + feedback solutions with the targets: (a) safety
factor profile at 1 =4 s.; (b) time evolution of the safety factor profile at 5 = 0.1; (c) time evolution of the safety factor profile at 5 = 0.5; (d) time evolution of the safety factor
profile at p = 0.7; (e) time evolution of the safety factor profile at 5 =0.9; (f) time evolution of the normalized beta; (g) time evolution of the plasma current; (h) time evolution

of the second NBI power; (i) time evolution of the fourth NBI power.

control inputs as shown in Fig. 4(g)-(i). The LQI controller shows not
only good performance in tracking the g-profile and g, targets but also
robustness since the simulations are carried out using nonlinear models
with a complexity much higher than those used for control synthesis.

5. Conclusion

In this work, an optimal control algorithm has been proposed
to tackle the problem of simultaneously controlling the safety-factor
profile and normalized beta in NSTX-U. Linear control-oriented models
that govern the evolutions of the poloidal magnetic gradient and the
plasma total energy have been developed and used to synthesize an
LQI controller. The LQI controller has been tested in higher-fidelity
nonlinear simulations that show the capability by the controller of
robustly regulating the safety factor profile and the normalized beta

in NSTX-U. Possible future work includes augmenting the controller
to regulate additional plasma parameters such as internal inductance.
Moreover, the controller will be tested in experiments to further assess
its capability and robustness.
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