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a  b  s  t  r  a  c  t

In this  work,  model-based  control  techniques  are  used  to  obtain  target  current  profiles  in  low-
confinement-mode  (L-mode)  as well  as  high-confinement-mode  (H-mode)  DIII-D  discharges.  The control
problem  is formulated  as a  trajectory  optimization  problem  to  search  for a feasible  path  from  the  expected
initial condition  to the  desired  target. The  result  comprises  a sequence  of  feedforward  (open-loop)  control
requests  and  a corresponding  state  evolution  from  the  initial  condition  to  the  desired target.  On  top  of this
optimal  feedforward  control  sequence  a  feedback  (closed-loop)  controller  based  on  a  linearized  model
and optimal  control  design  techniques  is added  to  track  the desired  state  evolution.  The  effectiveness  of
the  control  approach  is demonstrated  with  experiments.

© 2017  Elsevier  B.V.  All  rights  reserved.

1. Introduction

Serious interest in active current profile control is rapidly grow-
ing in the tokamak research community. This is because elements
of a high quality plasma such as long energy confinement time,
stability against deleterious magneto-hydro-dynamic (MHD) [1]
activity, access to steady state scenarios [2] and potential for high
fusion gain [3] are all closely linked to the current profile distri-
bution. Presently, tokamak operation typically relies on “scenario
planning”, i.e. preprogramming a set of auxiliary current drive
and heating powers according to semi-empirical laws to obtain a
desired operating scenario. In this work we follow a model based
control approach combining both feedforward and feedback con-
trol techniques, which effectively automates the scenario planning
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task, in an attempt to improve shot-to-shot reproducibility of target
current profiles (equivalently target q profiles).

The evolution of the current profile is closely related to the
evolution of the poloidal magnetic flux profile, which can be prop-
erly modeled in a first-principles manner by a nonlinear partial
differential equation (PDE) referred to as the magnetic flux diffu-
sion equation (MDE) [4]. Simplified, control-oriented formulations
of the MDE  have already been developed for the DIII-D tokamak
for both L-mode [5] and H-mode discharges [6]. In both cases,
the control-oriented models combine the MDE  with physics-based
correlations for the electron temperature, plasma resistivity, and
non-inductive current drive sources including neutral beam injec-
tion (NBI), electron cyclotron current drive (ECCD), and bootstrap
current drive.

The control objective is to reach a specified target profile shape
at a specified time. To accomplish this, first, an open-loop control
problem is formulated as a trajectory optimization problem to find
a feasible path from the expected initial condition to the desired
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target. The problem involves the minimization of a scalar objective
over a set of constraints associated with the dynamics of the system
(model of the q profile evolution), actuator constraints (physical
limits such as maximum NBI power), and bounds on the accept-
able current profile shape through the ramp-up phase. Finally, we
combine the feedforward control approach with feedback control
to compensate for model mismatches between the physical system
and the approximate control-oriented model as well as for dis-
turbances. Several approaches to current profile feedback control
have been explored such as passivity-based control [7,8], H∞ con-
trol [9], optimal control [10], and receding horizon control [11,12].
This work focuses on the feedforward control design. The feedback
design based on linear quadratic optimization, chosen for simplicity
of implementation, is formally detailed in [13].

The control-oriented modeling of the q profile evolution is
briefly described in Section 2, details of the feedforward and feed-
back control design approach are given in Section 3, experimental
evidence of the effectiveness of the controller in reaching the tar-
get is presented in Section 4, and, finally, conclusions are made in
Section 5.

2. Modeling the current profile evolution

The current density profile can be described as a function of the
poloidal magnetic flux profile,  ( !̂, t), whose dynamics can be well
modeled by the MDE  [4]. We  can compactly model the evolution of
  in response to the various actuators as

∂ 
∂t

= c1
1
!̂
∂
∂ !̂

(
!̂c2
∂ 
∂  !̂

)
+ c3(jaux + jbs) (1)

along with the boundary conditions ∂ 
∂  !̂

∣∣∣
!̂=0

= 0, ∂ 
∂  !̂

∣∣∣
!̂=1

= c4Ip,

where t represents time and !̂ is the normalized spatial coordi-
nate. The coefficients c1, c2, c3, c4 are time and space dependent
functions. Ip denotes the total plasma current. The terms jaux and
jbs represent non-inductively driven current densities from aux-
iliary sources and the bootstrap effect, respectively (see [6] for a
complete description of the model and terms). Different operating
scenarios are modeled separately by configuring the model param-
eters appropriately, for example DIII-D discharges in L-mode [5]
and H-mode [6].

The control inputs (actuators) associated with the model
(1) include the powers of the auxiliary heating and cur-
rent drive sources (ECCD and NBI), which are denoted as
PEC,1, . . .,  PEC,nEC , PNBI,1, . . .,  PNBI,nNBI , the total plasma current, and
the line-averaged electron density n̄e. The system outputs of inter-

est are the q profile and ˇN (normalized ˇ), q ∝ −
B#,0!

2
b
!̂

∂ /∂  !̂
, ˇN ∝

E
B#,0Ip

, where B#,0 is the vacuum toroidal magnetic field at the major

radius, and E is the plasma stored energy.
To transform the model (1) to state-space form, we discretize

the system (1) in space using finite difference approximations to the
spatial derivatives. The domain of interest, !̂ = [0,  1], is truncated
to l evenly spaced nodes, separated by $ !̂ = 1/(l − 1) to obtain the
finite-dimensional, nonlinear state-space system,

ẋ = f (x, u), y = h(x), (2)

where the model state is x = [ !̂=0.05,  !̂=0.1, . . .,   !̂=0.95, E]T ,
and the system output include the q profile at various !̂ loca-
tions, q = [q!̂=0.05, q!̂=0.01, . . .,  q!̂=.95]T , and ˇN (y = [qT , ˇN]T ). The
input, u, includes the actuators previously mentioned, i.e. u =
[Ip, n̄e, PEC,1, . . .,  PEC,nEC , PNBI,1, . . .,  PNBI,nNBI ]

T .

Fig. 1. Discretized control sequence, u(t ∈ [tk , tk+1]) = uk ,  and output of integrator
function F, which maps w = [u0, u1, . . .,  uF], x0, and t to x(t).

3. Feedforward control via trajectory optimization

We  formulate the feedforward control (pre-programmed con-
trol sequence) design as an optimization problem of the form

minimize
u(t)

J(x(tF ))

subject to ẋ = f (x, u),
x(t0) = x0,

gin(x(t), u(t)) ≤ 0,

geq(x(t), u(t)) = 0.

(3)

This is often called a trajectory optimization problem because it
involves the search for a state trajectory, x(t), that starts from the
initial state, x0, and reaches some goal state at time tF quantified
by the scalar function J. This state trajectory must be consistent
with the system dynamics described by the equality constraint ẋ =
f (x, u). Additionally, the optimization requires the state trajectory
to avoid undesirable regions of the state space, which are quantified
by the constraints, gin and geq. The undesirable regions of the state
space are those regions of the tokamak operating space that are
associated with MHD  instabilities.

The most successful approach to solving an optimal control
problem like (3) is to parameterize the problem with a finite set
of decision variables, and then to solve it by using numerical opti-
mization methods [14]. As illustrated in Fig. 1, over a time grid
t0, . . .,  tF, we  discretize the control as a zero order hold, u(t ∈ [tk,
tk+1]) = uk, and then we prescribe x as a function of w = [u0, u1, . . .,
uF], x0, and t to obtain

x(t) = F(w, x0, t) ≡ x0 +
∫ t

t0

f (x(s), u(s)) ds. (4)

The function F is an integrator function which depends on the
choice of integration scheme used to simulate the system modeled
by (2). With the use of (4), we can rewrite the original optimal
control problem (3) as

minimize
w

J(F(w, x0, tF ))

subject to gin(F(w, x0, ti), ui) ≤ 0, for i = 0, 1, . . .,  F

geq(F(w, x0, ti), ui) = 0, for i = 0, 1, . . .,  F

(5)

where we  are now optimizing over a finite set of optimization vari-
ables defined by the feedforward control sequence w. Additionally,
the constraints have been reduced to a finite number by evaluating
geq and gin only at the times ti, for i = 0, 1, . . . F.

First-order necessary conditions for optimality require solutions
to the problem (5) to be feasible, i.e. to satisfy all the constraints,
and to be a stationary point to the Lagrangian. By assuming for
the moment that problem (5) includes only equality constraints,
the Lagrangian can be written as L = J(w) − !Tgeq(w), where ! is
a Lagrange multiplier, and the first-order necessary conditions can
be summarized as[

∇J(w) − ∇geq(w)!

geq(w)

]
= 0, (6)
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where ∇ represents ∂/∂w. We  can proceed to search for a mini-
mizer to the problem (5) by searching for points that satisfy (6).
The natural approach is to solve the nonlinear equations (6) with
Newton’s method. Start with an initial guess, (wk, !k), of the optimal
solution, (w⋆, !⋆), and make updates (wk+1, !k+1) = (wk, !k) + ($wk,
$!k), where the update, ($wk, $!k) is determined by solving a
linear approximation of (6), i.e. it is given by the Newton step,
[

∇2
wwL(wk) −∇geq(wk)

∇geq(wk)
T 0

][
$wk

$!k

]
=

[
−∇J(wk) + ∇geq(wk)!k

−geq(wk)

]
.

(7)

Sequential quadratic programming (SQP), the numerical optimiza-
tion method used in this work, reformulates (7) as a quadratic
optimization problem (quadratic program (QP))

minimize
$wk

J(wk) + ∇J(wk)
T$wk + 1

2
$wT

k (∇2
wwL)$wk,

subject to geq(wk) + ∇geq
T (wk)$wk = 0.

(8)

It can be shown that the solution of (8) is also given by (7) [15].
While it is not possible to include inequality constraints into New-
ton’s method because the optimality conditions associated with
inequality constraints are non-smooth, they can be incorporated
into (8) in the same form as the equality constraints.

Several techniques can be applied to find the gradients ∇J, ∇geq,
and ∇gin, which include forward finite differences, forward sensi-
tivity propagation, and the adjoint method (see [16] for a review of
each one of them). Forward sensitivity propagation involves prop-
agating the sensitivity of the state along the trajectory to changes
in each of the optimization variables. In order to carry out this
method, first we need to decide on a discrete integration scheme to
approximate the evolution of the system modeled by (2). Because
the dynamic model (1) is approximately a linear diffusion equation,
an appropriate integration method is the backward Euler method,

xk+1 = xk + dt f (xk+1, uk+1). (9)

We require an implicit integration scheme as in (9) to handle the
stiffness associated with (1), which arises due to the steep changes
in the coefficient profiles around the boundary. The sensitivity of
the state with respect to the optimization variables, w, can be com-
puted during the “forward simulation” of the dynamics. Taking
partial derivatives of (9) with respect to w,  we  obtain

∂xk+1

∂w
= ∂xk
∂w

+ dt

⎛

⎜⎜⎝
∂f

∂x

∣∣∣∣ xk+1

uk+1

∂xk+1

∂w
+ ∂f

∂u

∣∣∣∣ xk+1

uk+1

∂uk+1

∂w

⎞

⎟⎟⎠ . (10)

Since the optimization variables include only the control values we
have ∂x0/∂w = 0, ∂u0/∂w = [I, 0, . . .,  0], ∂u1/∂w = [0, I, . . .,  0], etc.
From (4), it can be seen that ∂F(w, x0, tk)/∂w = ∂xk+1/∂w,  which
can be used in the chain rule to obtain gradients of both the cost
function and each of the constraints. For example,

∇J = ∂J
∂w

= ∂J
∂F(w, x0, tF )

∂F(w, x0, tF )
∂w

= ∂J
∂xtF

∂xtF
∂w

, (11)

where xtF is found by propagating (10) forward.

3.1. Cost function and constraints

The cost function J consists in this case of a weighted sum of
objectives associated with reaching the target q profile, the target
ˇN value, and a measure of stationarity,

J = ∥q(tF ) − qt∥Wq + WˇN (ˇN(tF ) − ˇtN)2 + ∥gss(tF )∥Wss , (12)

where qt represents the target q profile, ˇtN represents the target ˇN
value, and the terms Wq, WˇN and Wss are cost weights. The term gss
represents the spatial derivative of the plasma loop voltage profile.
The plasma stationarity is reached when the loop voltage profile is
flat or equivalently when the spatial derivative is zero, i.e. gss = 0.

The constraints include bounds and rate limits on the actuators,
a limit on q, to avoid the onset of sawtooth oscillations, a limit on
density associated with the Greenwald density limit, and an upper
bound on ˇN to avoid the onset of neoclassical tearing modes,

q > 1 + &, n̄e[1020 m−3] ≤
Ip[MA]
'a2 , ˇN ≤ ˇmax

N . (13)

Prior experiments showed that the L-to-H transition power scaled
approximately with the line-averaged electron density according to
PLH = 2n̄3/4

e . Therefore, for the L-mode discharges we  also include
an additional constraint on total auxiliary injected power to avoid
the possibility of transitioning from L-mode to H-mode.

The cost function (12) and each of the constraints (13) can be
written as a function of the state x and control u, therefore the
gradients ∇J, ∇gin, and ∇geq, can be obtained with the forward
sensitivity propagation method described above.

3.2. Parameterizing the input function

The optimization problem as described above involves a set of
optimization variables which includes the control variables at each
time step k. This amounts to substantially large number of opti-
mization variables making the problem difficult to solve. To reduce
the complexity, sacrificing optimality to some extent, we choose
to parameterize the control sequence w as a piecewise linear func-
tion, as illustrated in Fig. 2. Thus the optimization variables w are
reduced to the set p = [p0, p1, . . .,  p5], which has dimension 6× (#
of actuators considered for optimization).

3.3. Feedback control design

Let us label the resulting optimal feedforward control as uFF(t)
and the corresponding state trajectory xFF(t) as prescribed by the
dynamic model (1). The feedback control design proceeds by first
linearizing the model (1) around the feedforward trajectory at the
target time (tF) to obtain the linear model, (̃ = A(̃ + Bũ, )̃ = C(̃.
To simplify the feedback control design, we first differentiate the
model (1) with respect to !̂ to obtain a state equation for the newly
introduced variable ( = ∂ /∂ !̂ and later introduce the term ) = 1/q.
The ·̃ over each variable designates deviations with respect to
the optimal feedforward reference, i.e. (̃ = ( − (FF, )̃ = ) − )FF, and
ũ = u − uFF. With the use of this model we can obtain a linear feed-
back controller that will act to eliminate disturbances from the
feedforward state trajectory, i.e. it will regulate the system toward
the feedforward state trajectory. This is an effective approach as
long as the disturbances are sufficiently small. We make use of the
linear state feedback control design approach as described in [13].

Fig. 2. Feedforward control is parameterized by a piecewise linear function param-
eterized by p = [p0, p1, p2, . . .,  p5].
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Fig. 3. Obtained q profiles for each of the three targets in L-mode discharges, Target 1 – tF = 1.0 s (left), Target 2 – tF = 1.3 s (middle), and Target 3 – tF = 1.5 s (right). The red
circles  mark the target q profiles. Initial and final (best-matching) profiles are shown both for FF-only and FF + FB control shots. In each case, FF-only control shots are in green
and  FF + FB control shots are in blue. Generally, the initial conditions vary significantly from shot to shot. (For interpretation of the references to color in this figure legend,
the  reader is referred to the web  version of the article.)

The end result is a controller of the form ũ = K[(̃T , !T ]
T
, where the

gain matrix, K, is obtained by minimizing the cost function

JFB(K) =
∫ ∞

0
[)̃T (t) *T (t)]Q

[
)̃(t)
*(t)

]
+ ũTRũdt, (14)

where Q and R are weighting matrices and * is an artificial state
created to introduce integral action, which effectively corrects the
effect of model mismatches, * = C*

∫
)̃ dt,  where C* is a weighting

matrix.

4. Experimental results

The optimization is carried out over the time interval t ∈ [t0,
tF] = [0.4 s, tF], where tF is the time when the desired q profile and
ˇN value must be achieved and is employed as a design parameter.
Two of the NBI (30L and 30R) are dedicated to Motional Stark Effect
(MSE) diagnostics, which are used in the real time EFIT calculation
to obtain measurements of the q profile [17], therefore they are not
available for control. Due to lack of availability, the counter current
NBIs are not considered either, therefore leaving four NBIs to be
optimized in the feedforward control sequence, two on-axis NBIs
(330L and 330R) and two off-axis NBIs (150L and 150R). Due to the
difficulty in controlling the line averaged density, we  choose not to
optimize the density evolution and instead we prescribe it based
on shots that had most closely achieved the target profiles.

The targets are all monotonically increasing q profiles with vary-
ing levels of q values at the plasma center and plasma edge. For
the L-mode discharges we  considered three different targets. The
obtained q profile for each of the three targets are shown in Fig. 3.
In Fig. 3, we show both the obtained q profile with feedforward
(FF) control alone and combined feedforward and feedback (FF + FB)
control at the best-matching time. In all cases, feedback control
improves the obtained q-profile matching error significantly, even
with varying initial conditions. Usually, the q profile with feedfor-
ward control alone falls to one before the target time regardless of
the initial condition. This result is primarily due to slight modeling
errors in the current diffusion rate, which lead to a nonsatisfac-
tory feedforward control policy. This emphasizes the importance
of feedback control, which is able to account for the modeling
errors and to bring the q profile back as close as possible to the
target. Similar results were obtained for H-mode shots as shown in
Fig. 4. The control design process is nearly identical in both L-mode
and H-mode discharges; the main differences are that the model
parameters are adjusted appropriately for each case and the opti-

Fig. 4. Obtained q profiles during H-mode discharges. FF-only control (green) and
FF  + FB control (blue) profiles at the initial time and the desired target time (tF = 3.0 s)
are plotted. The red circles mark the target q profile. (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of the
article.)

mization constraints include minimum power limits to avoid the
possibility of back transitions to L-mode.

5. Conclusions

By combining feedforward optimization via nonlinear program-
ming and linearized feedback control desired q profiles were
attained in both L-mode and H-mode DIII-D discharges. While
results are promising, they show the sensitivity of the feedforward
control solution to model mismatches. Since this solution is com-
puted offline, the feedforward design can however be improved by
increasing the complexity of the model. Feedback control remains
necessary due not only to the lack of a perfect model but also to the
existence of plasma disturbances.
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