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a  b  s  t  r  a  c  t

A  control-oriented,  two-timescale,  linear,  dynamic,  response  model  of the rotational  transform  ! profile
and the  normalized  beta  ˇN is proposed  based  on  experimental  data  from  the DIII-D  tokamak.  Dedi-
cated  system-identification  experiments  without  feedback  control  have  been  carried  out  to generate
data  for  the  development  of  this  model.  The  data-driven  dynamic  model,  which  is both  device-specific
and  scenario-specific,  represents  the  response  of  the ! profile  and  ˇN to  the  electric  field  due  to  induc-
tion  as well  as to the  heating  and current  drive  (H&CD)  systems  during  the  flat-top  phase  of  an  H-mode
discharge  in  DIII-D.  The  control  goal  is to use  both  induction  and  the  H&CD  systems  to  locally  regulate
the  plasma  ! profile  and  ˇN around  particular  target  values  close  to the  reference  state  used for  sys-
tem  identification.  A  singular  value  decomposition  (SVD)  of the  plasma  model  at  steady  state is  carried
out to  decouple  the  system  and  identify  the  most  relevant  control  channels.  A  mixed-sensitivity  robust
control  design  problem  is  formulated  based  on  the  dynamic  model  to synthesize  a  stabilizing  feedback
controller  without  input  constraints  that  minimizes  the reference  tracking  error  and  rejects  external  dis-
turbances  with minimal  control  energy.  The  feedback  controller  is  then  augmented  with  an anti-windup
compensator,  which  keeps  the  given  controller  well-behaved  in the  presence  of magnitude  constraints
in  the  actuators  and leaves  the nominal  closed-loop  system  unmodified  when  no  saturation  is  present.
The  proposed  controller  represents  one  of  the  first feedback  profile  controllers  integrating  magnetic  and
kinetic  variables  ever  implemented  and  experimentally  tested  in DIII-D.  The  preliminary  experimental
results  presented  in this  work,  although  limited  in number  and constrained  by actuator  problems  and
design  limitations,  as it will be reported,  show  good  progress  towards  routine  current  profile  control  in
DIII-D  and  leave  valuable  lessons  for further  advancements  in  the  field.

© 2017  Elsevier  B.V.  All  rights  reserved.

1. Introduction

The planned ITER reactor [1] will be capable of exploring
advanced tokamak (AT) modes of operation, characterized by
high plasma pressure, long confinement times, and low levels of
inductively driven plasma current, which allow for steady-state
operation. These advanced modes require active feedback control
to maintain and develop high performance plasmas, good confine-
ment, and long plasma discharges. In particular, the control of the
plasma current profile, which is intimately related to the safety
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factor profile q, or its inverse, the rotational transform ! profile, is
critical for the development and sustainment of the self-generated,
non-inductive, bootstrap current, which in turn serves as an enabler
for steady-state operation. Early experiments in different toka-
maks (Tore Supra [2,3], JT-60U [4,5], DIII-D [6]) have demonstrated
feasibility of achieving current profile control. Most of this prior
work has focused, however, on non-model-based control of scalar
parameters characterizing the current profile such as the internal
inductance li, the safety factor at magnetic axis q0, or the minimum
value of the safety factor qmin. While the control of scalar param-
eters such as qmin is critical to mitigate plasma instabilities and
improve confinement, the shaping of the entire q profile is neces-
sary to maximize the fraction of bootstrap current and maintain
stability in advanced scenarios. Therefore, techniques to actively
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control the evolution of the full q profile in closed loop during
the discharge are of paramount importance to the realization of
advanced scenarios in ITER. The high dimensionality of this prob-
lem, along with the strong coupling between magnetic and kinetic
profiles, motivate the use of model-based control synthesis that
can accommodate this complexity by embedding physics-based
dynamic models within the design.

Mathematical modeling of plasma transport phenomena with
sufficient complexity to capture the dominant dynamics is there-
fore critical for plasma profile control design. Transport theories,
even under restrictive assumptions, produce strongly nonlinear
models based on partial differential equations (PDEs). The com-
plexity of these first-principles models needs to be reduced to
facilitate design of compact and reliable control strategies. Dur-
ing this control-oriented model reduction process [7–9], there is
always a trade-off between the simplicity of the model and both its
physics accuracy and its range of validity. First-principles-driven
modeling provides the freedom of arbitrarily handling this trade-
off and deciding on the level of simplicity, accuracy and validity of
the model. This features allows, for instance, for the derivation of
models capturing the nonlinear response of the current profile to
control actuation. First-principles-driven control-oriented models
have been recently used to determine optimal open-loop (feed-
forward) actuator trajectories that achieve and sustain a desired q
profile [10–12], and to design complementing closed-loop (feed-
back) control laws that add robustness against disturbances and
model uncertainties. Several approaches have been recently pro-
posed for first-principles-driven current profile feedback control
[13–19] and some of them have been experimentally tested in DIII-
D [20–22]. Data-driven modeling techniques such as linear system
identification [23] emerge as an alternative to first-principles-
driven modeling and have the potential to obtain low-complexity
dynamic models. This modeling approach lacks however the abil-
ity of arbitrarily deciding on the level of simplicity, accuracy and
validity of the model since it directly produces linear models
based on ordinary differential equations (ODEs). As the identi-
fied models are linear, they are only valid around the reference
plasma state adopted during the system identification experiment.
Therefore, the effectiveness of the controllers synthesized based
on these models may  be limited when the plasma state moves
away from the reference state. Moreover, as these models are
device-specific, dedicated system identification experiments are
needed in each device, and potentially for each control scenario, to
develop model-based controllers. In spite of these limitations, data-
driven control-oriented models can be useful for the design of local
regulators around the reference state. In the JET tokamak, a two-
timescale linear model has been identified from data to describe the
dynamic behavior of the magnetic and kinetic profiles around cer-
tain quasi-steady-state trajectories, and a feedback controller has
been designed based on two loops operating on the magnetic and
kinetic time scales respectively [24,25]. Input/output (I/O) diagnos-
tic data has also been generated in dedicated system identification
experiments on JT-60U and DIII-D [26] to identify magnetic and
kinetic profile response models.

In this work, a two-timescale dynamic model of the rota-
tional transform ! profile and the normalized beta ˇN is identified
from DIII-D data. The normalized beta ˇN is a key measure of
performance used to gauge progress toward developing a power-
producing fusion reactor and is closely related to MHD  stability,
which makes real-time control of the ! profile and ˇN of paramount
importance. A model-based, multi-input–multi-output (MIMO)
controller is synthesized based on the identified model for the
simultaneous regulation of the ! profile and ˇN during the current
flat-top phase in H-mode discharges. A singular value decomposi-
tion (SVD) is used to decouple the combined system and identify
the most relevant control channels. The mixed-sensitivity robust

control method [27,28] is applied to synthesize a closed-loop con-
troller that minimizes the reference tracking error and rejects
external disturbances with minimal control energy. The feedback
controller is then augmented with an anti-windup compensator
[29,30], which keeps the given ! profile and ˇN controller well-
behaved in the presence of actuator constraints and leaves the
nominal closed-loop system unmodified when no saturation in
the actuators is present. The proposed controller has been tested
both in simulations and in a limited number of experiments on the
DIII-D tokamak. These experiments, together with those reported
in [31–34], mark the first time ever data-driven, model-based,
current-profile controllers were implemented and tested in DIII-
D. The experimental results, which are thoroughly analyzed in this
work, are partially successful due to actuator constraints and design
limitations. Nevertheless, these preliminary results represent an
incremental step towards routine current profile control in DIII-D
and provide valuable lessons regarding model identification, con-
trol design and controllability that will be exploited to achieve this
goal.

This paper is organized as follows. In Section 2, the system iden-
tification procedure carried out in the DIII-D tokamak is briefly
described, and the dynamic linear models relating the rotational
transform ! profile and ˇN to the plasma current (Ip), neutral beam
injection (NBI), and electron cyclotron (EC) heating and current
drive (H&CD) are developed. In Section 3, the design of the con-
trol algorithm and the anti-windup compensator is introduced.
Simulated and experimental results in DIII-D illustrating the per-
formance of the controllers are presented in Section 4. Conclusions
and future research directions are stated in Section 5.

2. System identification on DIII-D

In order to use multivariable control theory for the synthesis
of a controller capable of regulating the plasma !-profile and ˇN
evolutions in advanced tokamak scenarios, system identification
techniques are used to develop from measured data a control-
oriented dynamic model for the linear response of these variables
to the actuators. A Galerkin scheme [35] is used to convert the
infinite-dimensional (PDE) transport equation for the !-profile to
a finite-dimensional (ODE) model in space. The Galerkin scheme
assumes that by increasing the number of basis functions the iden-
tified ODE model will converge towards the PDE that best fits the
data. The ! profile in normalized radial coordinates is then approx-
imated by the sum of a discrete number of spatial functions,

!( "̂, t) ≈
N∑

i=1

Gi(t)bi( "̂), (1)

where the expansion coefficients Gi(t), i = 1, . . .,  N, are called
Galerkin coefficients, and the spatial functions bi( "̂), i = 1, . . .,  N,
are called Galerkin basis functions. In this work, system identifi-
cation for the plasma rotational transform profile !( "̂, t) is carried
out based on five cubic-splines Galerkin basis functions centered
around normalized radii "̂ = 0.2, 0.4, 0.5, 0.6, 0.8 as shown in
Fig. 1. The choice of these spatial coordinates was motivated by
the interest in obtaining a low-order finite-dimensional represen-
tation of the whole profile dynamics, which led to the selection of
just five points evenly distributed around the profile midpoint at
"̂ = 0.5. The parameter "̂ is the normalized effective minor radius,
which can be denoted as "̂ = "/"b, where " is the mean effective
minor radius of the flux surface, i.e., #B$,0"2 = ˚. The parameter

 ̊ is the toroidal magnetic flux, and B$,0 is the toroidal magnetic
field at the geometric major radius. The parameter "b is the mean
effective minor radius of the last closed magnetic flux surface.

To collect data for system identification a number of discharges
were run with identical ramp-up phases and different flat-top
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Fig. 1. Cubic splines, bi , used for the expansion of the ! profile.

phases characterized by varied actuator modulations schemes that
excited the system around a predefined reference state. The refer-
ence plasma state was that of a 1.8 T, ˇN-controlled AT scenario,
with center plasma density neo ≈ 5 ×1019 m−3 and plasma current
Ip = 0.9 MA.  The scenario was developed to achieve non-inductive
current fractions near unity, bootstrap current fractions larger than
65%, and a normalized confinement factor H98(y,2) ≈ 1.5 [26]. Actu-
ator modulations were applied from t = 2.5 s, and the Ip and ˇN
controls were disabled to ensure no feedback response during data
collection. The EC and NBI systems provided the non-inductive
heating and current drive sources for these experiments. The EC
system in DIII-D is composed by six gyrotrons with individual nom-
inal power of around 1 MW at a central frequency of 110 GHz. The
NBI system in DIII-D consists of four beam-lines, with each beam-
line having two ion sources in parallel. Each ion source produces
an 80 keV deuterium beam and can inject a maximum of 2.5 MW
of power into the plasma. Three of the beam-lines (30◦, 150◦, 330◦)
inject power in the same direction as the usual plasma current. The
210◦ system is used for counter-injection, since its beam is injected
in the opposite direction. Each beamline is aligned at an angle 19.5◦

from the radial through the injection port. Available beam-lines and
gyrotrons were grouped to form, together with Ip, five independent
H&CD actuators: (i) plasma current Ip, (ii) co-current NBI power PCO
(150L and 330L), (iii) counter-current NBI power PCT (210R), (iv)
balanced NBI power PBL (150R and 210L), and (v) total EC power
from all gyrotrons PEC. All actuators were modulated individually
in open loop while the other actuators were held at their respec-
tive reference values. Several shots (#140076, #140077, #140093,
#140106, and #140107) were used to identify the model. Shot
#140107 performs modulation of Ip, shots #140076, #140077, and
#140106 perform modulation of the neutral beam groups, and shot
#140093 performs modulation of the total EC power. Typical ! pro-
file, q profile, Ip and ˇN at the beginning of the system identification
experiments is given by shot #140090 in Fig. 8 and Table 3. More
details on the system identification experiments can be obtained
from our previous work [26,36].

The relation between inputs and outputs for any shot can be
assumed in the form of

y(t) = yFF + %y(t) = PFF (uFF ) + P%u(t), (2)

where PFF represents the relationship between the reference
(feedforward) input uFF and the reference (feedforward) output
yFF. The variable %y(t) denotes the deviation output defined as
%y(t) = [%!(t), %ˇN(t)] = y(t) − yFF, with y(t) = [!(0.2, t) !(0.4, t)
!(0.5, t) !(0.6, t) !(0.8, t), ˇN(t)]T. The variable %u(t) denotes
the deviation input defined as %u  = u − uFF with u = [Ip, PCO, PCT,
PBL, PEC]. By subtracting the feedforward value from our data set,
we only consider the linear dynamics %y(t) = P%u(t). The linear

model P is identified from experimental data using the prediction
error method (PEM) according to a least squares fitting criterion
[23]. By using a finite-dimensional approximation of the ! profile
as proposed in (1) and neglecting the nonlinear dynamics, the struc-
ture of the to-be-identified model P is derived from the transport
equations and written as

%!̇(t) = A11%!(t) + A12%ˇN(t) + B1%u(t) (3)

ε% ˙̌
N(t) = A21%!(t) + A22%ˇN(t) + B2%u(t), (4)

where the parameter ε ≪ 1, representing the typical ratio between
the energy confinement time and the characteristic resistive diffu-
sion time, is used to indicate the existence of two timescales in the
system. The magnetic variable is characterized by a slow dynamics
with timescale given by 'mag = t and the kinetic variable is charac-
terized by a fast dynamics with timescale given by 'kin = t/ε. The
study of dynamic systems with two  clear timescales has a long
history in nonlinear control analysis, which is summarized by the
theory of singular perturbations [37]. The modeling of the current
profile dynamics as a two-timescale system indeed simplifies the
associated control design. Therefore, the natural timescale separa-
tion observed in the system has been exploited in the past at the
moment of developing a control-oriented model following both
first-principles-driven [7] and data-driven [25] approaches. Fol-
lowing a similar approach in this work allows us to rewrite the
model (3) and (4) as the combination of a slow model

%!̇(t) = As%!(t) + Bs%us(t) %ˇNs(t) = Cs%!(t) + Ds%us(t), (5)

and a fast model

% ˙̌
Nf (t) = Af%ˇNf (t) + Bf%uf (t), (6)

where %ˇNs and %ˇNf are the slow and fast components of %ˇN,
and %us and %uf are the slow and fast components of %u. It is
straightforward to show that the matrices to be identified in (5) and
(6) are linked to the original model matrices in (3) and (4) through
the relations:

As = A11 − A12A
−1
22 A21, Cs = −A−1

22 A21,

Bs = B1 − A12A
−1
22 B2, Ds = −A−1

22 B2,

Af = ε−1A22, Bf = ε−1B2.

Because ε ≪ 1 (denoting the natural timescale separation in the
system), we usually have A21/ε, A22/ε ≫ A11, A12 and B2/ε ≫ B1.
Therefore, identifying the system matrices in (5) and (6) instead
of the system matrices in (3) and (4) avoids the risk of having seri-
ously ill-conditioned system matrices and making the synthesis of
a reliable control strategy even more challenging. Rewriting the
model (3) and (4) as (5) and (6) requires the assumption that the
! profile dynamics has a limited bandwidth, which implies that
its response to the control input %u  is identical to its response
to the low-frequency-content control input %us since the high-
frequency-content control input %uf is filtered by the system itself.
Stating the two-timescale model structure as in Eqs. (5) and (6)
leaves the designer with another design choice to make, which
is the value of the cutoff frequency separating the slow (low-
frequency) content and the fast (high-frequency) content of the
control input. The cutoff frequency selection may become partic-
ularly challenging when the plasma current is used as a control
input, as in this work, since in this case the outer part of the ! pro-
file close to the plasma boundary (e.g., !(0.8, t) in this work) may
respond relatively fast to changes in the plasma current. Selecting a
cutoff frequency too low in the effort of maximizing the separation
between slow and fast dynamics may  indeed be restrictive and may
pose a risk to closed-loop performance due to the neglected dynam-
ics (the response of the ! profile to the low-frequency-content
control input %us may  be largely different from its response to the
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control input %u, violating the model assumption). In this work,
the lowest frequency at which the inputs used in the system iden-
tification experiments [26,36] could be filtered while retaining a
good fit of the unfiltered ! data by the slow model has been found
to be around 1 Hz. Therefore, the filter cutoff frequency has been
chosen as 1 Hz to separate the slow and fast components of the
input %u  and %ˇN. It is important to note, however, that this value
of the cutoff frequency is indeed related to the frequency content
of the excitation (input) signals during the system identification
experiments. If higher-frequency excitation signals had been used,
a higher value for the cutoff frequency would have been most likely
necessary. The presence of higher-frequency excitation signals in
the closed-loop experiments could make the chosen cutoff fre-
quency of 1 Hz too low and in part responsible for some closed-loop
performance limitations observed in the experiments as it will be
discussed later in the paper. As stated above, a cutoff frequency
that is too low violates the model assumption, neglects important
!-profile dynamics, and therefore affects the performance of the
model-based controller.

A  model validation procedure has been carried out by comparing
the model prediction with experimental data from shots not used in
the system identification procedure. This comparison includes both
! at "̂ = 0.2, 0.4, 0.5, 0.6, 0.8 and ˇN. Fig. 2 illustrates the cases of
shots #140094 and #140109 as examples. While Fig. 2(a) and (b)
display the experimental inputs, Fig. 2(c) and (d) compare predic-
tions with experimental data. Fitting functions fi are introduced
to quantify the relationship between the measured data yim and
the model-predicted data yi, where the superindex denotes the ith
channel of the system output, i.e.,

f i = 1 −

(
N∑

k=1

[yim(tk) − yi(tk)]
2

/
N∑

k=1

[yim(tk) − ⟨yim⟩]
2

)1/2

, (7)

where fi = 1 is a perfect fit and fi = 0 corresponds to a reconstructed
data set identically equal to the mean of the measured data,
< yim >.  Because the noise is included in the measured data from
the experiment, the values of the fitting functions are not sought
to be 1 since that would mean that the identified model fits the
noise perfectly, which is undesired. A “good” value, based on
the definition of the fitting functions, will therefore depend on
the noise level present in the system and the confidence bands
assumed by the designer. Fig. 2(c) and (d) display the typical fit
between measured and model-predicted data observed in the
model validation procedure, which involved a larger number of
shots and consistently showed the type of qualitative agreement
expected from a control-oriented model. Note that although the
fitting function values (provided in the figure caption) are far
from 1, the control-oriented model seems to capture the trend
of the system in response to the control actuation, which is the
objective of the system identification procedure (not the perfect fit
between predicted and experimental data). It is often not possible,
however, to assess the true requirements for model accuracy until
experimental tests of the model-based controller are performed.
Therefore, an iterative process may  be necessary.

3. Control system design

3.1. Control system structure

A multi-input–multi-output (MIMO) robust feedback controller
based on the identified linear models (5) and (6) are proposed for
the regulation of the evolution of the ! profile and ˇN on DIII-D.
In order to cope with the limitations on achievable values and
rates for the actuators (plasma current, beam powers, gyrotron
powers) we follow an a posteriori design approach where the

MIMO  robust feedback controller is modified by an anti-windup
compensator. The control design procedure is summarized by
the following steps: (i) decouple the system and identify the
most relevant control channels, (ii) design an H∞ controller K̂
ignoring control input saturation, (iii) add an anti-windup com-
pensator AW to minimize the adverse effect of any control input
saturation on the closed loop performance. The overall control
system including the MIMO  H∞ controller and the anti-windup
compensator is shown in Fig. 3. By subtracting the reference
(feedforward) output values yFF from the measured output val-
ues y, the deviation output %y  = y − yFF is generated and used as
the input to the feedback controller. The objective of the feed-
back controller is to make the deviation output %y  = y − yFF follow
the target output %ytar = ytar − yFF under the influence of input
(%ud) and output (%yd) disturbances, i.e., to drive the tracking
error e(t) = %ytar(t) − %y(t) close to zero. The target output ytar
represents the desired values for ˇN and the ! profile at "̂ =
0.2, 0.4, 0.5, 0.6, 0.8. The output of the feedback controller %u is
added to the reference (feedforward) input values uFF to generate
the overall input values u requested to the actuators. The differ-
ences between requested (u) and achieved (û) input values drive
the anti-windup compensator that eventually modifies the mea-
sured output values y through the signal s when any of the actuators
saturate.

3.2. Decoupling and identification of most relevant control
channels

The relation between the inputs and the outputs of the linear
models (5) and (6) can be expressed in terms of its transfer function
P(s), i.e.,

%Y(s)
%U(s)

= P(s) = C(sI − A)−1B, (8)

where s denotes the Laplace variable and %Y(s) and %U(s) denote
the Laplace transforms of the output %y  and the input %u
respectively. Assuming a constant target %ytar and closed-loop sta-
bilization, the system will reach steady state as t → ∞.  It is possible
to define

%y = lim
t→∞

%y(t), %u = lim
t→∞

%u(t), e = lim
t→∞

e(t) = %ytar − %y,

(9)

where e = %ytar − %y denotes the tracking error. Under these
assumptions, the closed-loop system is specified by

%y = P%u = −CA−1B%u, (10)

%u = K̂e = K̂ (%ytar − %y) , (11)

where P = P(0) = −CA−1B + D is the steady state transfer function,
K̂(s) is the transfer function of the to-be-designed controller and
K̂ = K̂(0). The steady state gains of the identified model for the !
profile are shown in Fig. 4, where the steady-state response %! to
unitary changes in the various inputs is plotted. The plasma current
is the most capable actuator in adjusting the ! profile in absolute
terms. The co-injection and counter-injection beams are also very
powerful, affecting the profile in different directions in agreement
with prior experiments. The EC power leads to an increase in the
%!  profile, and the balanced-injection beams nearly do not have
influences in the ! profile.

Singular value decomposition (SVD) is employed to decouple
the system and determine the most significant input–output chan-
nels for tracking based on the steady state transfer function P.
Symmetric positive definite matrices Q ∈ Rp×p, where p = 6 is the
number of outputs, and R ∈ Rm×m, where m = 5 is the number of
inputs, are introduced to weigh the tracking error and control effort,
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Fig. 2. Experimental actuator modulation: (a) Shot 140094; (b) Shot 140109. Comparison between experimentally measured (blue solid line) and model-predicted (red
dashed-dotted line) ! profile and ˇN: (c) Shot 140094 (fitting functions (top to bottom): f1 = 73.33%, f2 = 68.85%, f3 = 67.87%, f4 = 58.80%, f5 = 71.32%, f6 = 66.56%); (d) Shot
140109 (fitting functions (top to bottom): f1 = 71.98%, f2 = 29.78%, f3 = 50.12%, f4 = 53.00%, f5 = 65.75%, f6 = 49.17%). (For interpretation of the references to color in this legend,
the  reader is referred to the web version of the article.)
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Fig. 3. DIII-D !-profile + ˇN control system architecture.

respectively. The singular value decomposition of the “weighted”
steady-state transfer function is given by

P̃ = Q1/2PR−1/2 = USVT , (12)

where S = diag((1, (2, · · ·,  (m) ∈ Rm×m since m < p, U ∈ Rp×m, V ∈
Rm×m. The matrices U and V are unitary, i.e., UTU = I, VTV = VVT = I. The
steady-state input–output relation can now be expressed as

%y = Q−1/2P̃R1/2%u = Q−1/2USVTR1/2%u. (13)

By invoking the properties of the SVD, the columns of the matrix
Q−1/2US define a basis for the subspace of obtainable steady-state
output values. Therefore, it is always possible to write

%y = Q−1/2US%y∗ ⇔ %y∗ = S−1UTQ1/2%y, (14)

where %y∗ ∈ Rm denotes the basis coefficients of the component
of the output signal that is indeed achievable. This implies that only

the component of the reference vector %ytar that lies in this sub-
space will be trackable. The reference vector is now written as the
sum of a trackable component %ytart and a non-trackable compo-
nent %ytarnt , i.e., %ytar = %ytart + %ytarnt , where

%ytart = Q−1/2US%y∗
tar ⇔ %y∗

tar = S−1UTQ1/2%ytar, (15)

with %y∗
tar ∈ Rm representing the basis coefficients of the

component of the target signal that is indeed trackable and
S−1UTQ1/2%ytarnt = 0. By defining

%u∗ = VTR1/2%u, (16)

where %u∗ ∈ Rm, the relationship between %y∗ and %u∗ is
obtained by using (13), (14), and (16) as

%y∗ = S−1UTQ1/2%y = S−1UTQ1/2Q−1/2USVTR1/2%u = %u∗.

(17)

This defines a one-to-one relationship between the transformed
inputs and outputs, i.e., %y∗ = %u∗, which leads to a square and
decoupled system.

The bases obtained through the singular value decomposition
of the steady-state response predicted by the model are shown in
Fig. 5. The singular output vectors given by the columns of Q−1/2U,
which define the subspace of obtainable steady state output values
and therefore the trackable component of the reference vector, are
shown in Fig. 5(a). The corresponding input singular vectors given
by the rows of VTR1/2, which define the associated steady-state
input values, are shown in Fig. 5(b). As evidenced by the magnitude
of the first singular value relative to the others, the first output sin-
gular vector is the dominant shape of an achievable steady state
profile according to the model. In order to generate this profile
shape, the feedback controller must actuate in the direction associ-
ated with the first input singular vector. As the value of the singular
value decreases, a larger amount of control effort is needed along
the direction of the associated input singular vector to produce a
significant contribution to the steady state profile in the direction
of the associated output singular vector.

Fig. 4. Steady-state gains for the !-profile response. The steady-state output %y (solid blue) is compared with the significant steady-state output %ys (dashed red) for k = 2.
The  powers are expressed in MW and the current in units of 0.1 MA. The weight matrices are chosen in this case as R = diag([0.01, 0.25, 1000, 0.5, 0.25]) and Q = diag([1,
1,  1, 1, 1, 1]). (For interpretation of the references to color in this legend, the reader is referred to the web  version of the article.)
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Fig. 5. (a) Output singular vectors Q−1/2U, (b) input singular vectors VTR1/2 from the SVD analysis ((1 = 106.2544, (2 = 0.2697, (3 = 0.0624, (4 = 0.0077, and (5 = 0.0009).

To quantify the tracking performance in steady state, a perfor-
mance index can be defined as

J = lim
t→∞

eT (t)Qe(t) = eTQe, (18)

where the steady-state tracking error e can now be rewritten as

e = %ytar − %y = Q−1/2US(%y∗
tar − %y∗). (19)

By substituting this expression into (18), the performance index is
expressed as

J = (%y∗
tar − %y∗)T S2(%y∗

tar − %y∗) =
m∑

i=1

(2
i (%y∗

tari
− %y∗

i )
2. (20)

The goal of the controller to be introduced in the next subsec-
tion is to minimize the tracking error by driving %y∗

i towards
%y∗

tari
, for i = 1, . . .,  m,  both during dynamic transients and in

steady state. It is easy to note that the singular value (i, for i = 1,
. . .,  m,  is the weight parameter for the ith component of the
tracking error in steady state. Since it is usually the case where
(1 > · · · (k ≫ (k+1 > · · · > (m > 0, the input–output channels associ-
ated with the largest singular values are the most significant when
minimizing J in (20). Therefore, it is possible that with the intent
of minimizing J a lot of control effort will be spent to minimize
the ith component of the tracking error, for i > k, which has a very
small contribution to the overall value of the cost function. To avoid
spending a lot of control effort for a marginal improvement of the
cost function value, the singular value set is partitioned into signif-
icant singular values Ss and negligible singular values Sn, i.e.,

U =
[
Us Un

]
, V =

[
Vs Vn

]
, S=

[
Ss 0

0 Sn

]
≈

[
Ss 0

0 0

]
,

%u∗ =

[
%u∗

s

%u∗
n

]
, %y∗ =

[
%y∗

s

%y∗
n

]
.

(21)

The performance index defined in (20) can then be approximated
as

J ≈ Js =
k∑

i=1

(2
i (%y∗

tari
− %y∗

i )
2 = (%y∗

tars − %y∗
s )
T S2
s (%y∗

tars − %y∗
s ),

(22)

Fig. 6. H∞ control formulation. Note that Wp and Wu are used only in the design of
the  controller K to specify the performance criteria (they do not become part of the
controller).

where

%y =  Q−1/2US%y∗ ≈  Q−1/2UsSs%y
∗
s ⇔  %y∗

s =  S−1
s U

T
s Q

1/2%y,

%ytar =  Q−1/2US%y∗
tar ≈  Q−1/2UsSs%y

∗
tars ⇔  %y∗

tars =  S−1
s U

T
s Q

1/2%ytar,

%u  =  R−1/2V%u∗ =  R−1/2Vs%u
∗
s +  R−1/2Vn%u

∗
n ⇔  %u∗

s =  VTs R
1/2%u,

e∗s =  %y∗
tars −  %y∗

s .

3.3. Design of robust MIMO controller

The SVD output and input bases reduce to Q−1/2UsSs and R−1/2Vs,
respectively. By defining

%y∗
s = S−1

s U
T
s Q

1/2%y, %u∗
s = VTs R

1/2%u,  (23)

and using (8), we can write

%Y∗
s (s)

%U∗
s (s)

= PDC = S−1
s U

T
s Q

1/2PR−1/2Vs, (24)

where %Y∗
s (s) and %U∗

s (s) represent the Laplace transforms of
the output %y∗

s and the input %u∗
s , respectively. The trans-

fer function PDC reduces in steady state (i.e., s = 0) to a fully
decoupled system in which there is a one-to-one relationship
between the inputs %u∗

s and the outputs %y∗
s . The plasma con-

troller is synthesized based on this one-to-one relationship. The
structure of the proposed controller is shown in Fig. 6, where
two frequency-dependent functions, Wp and Wu, are introduced
to weight the tracking error and the control effort. The sig-
nals defined within the proposed controller structure are the
control input %u∗

s , the system output %y∗
s , the tracking error

e∗s = %y∗
tars − %y∗

s , the target %y∗
tars = S−1

s U
T
s Q

1/2%ytar , the input
disturbance %u∗

ds
= VTs R

1/2%ud, the output disturbance %y∗
ds

=
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S−1
s U

T
s Q

1/2%yd, and the weighted performance signal [ZT1 , ZT2 ]T =

[(Wpe∗s )
T , (Wu%u∗

s )
T ]
T
. The transfer function Tzw between w =

[%y∗T
tars , %u∗T

ds
, %y∗T

ds
]T and z = [ZT1 , ZT2 ]T for the closed-loop

system shown in Fig. 6 can be expressed as

[
Z1

Z2

]
=

[
Wpe∗s

Wu%u∗
s

]
=

[
WpMs −WpMsPDC −WpMs

WuKMs −WuKMsPDC −WuKMs

]

×

⎡

⎢⎣

%y∗
tars

%u∗
ds

%y∗
ds

⎤

⎥⎦ = Tzw

⎡

⎢⎣

%y∗
tars

%u∗
ds

%y∗
ds

⎤

⎥⎦ , (25)

where Ms ! (I + PDCK)−1 denotes the sensitivity transfer function.
The transfer function WpMs (−WpMs) represents the response of
the weighted tracking error to the target (output disturbance),
while the transfer function −WpMsPDC denotes the response of the
weighted tracking error to the input disturbance. The transfer func-
tion WuKMs (−WuKMs) represents the response of the weighted
control effort to the target (output disturbance), while the transfer
function −WuKMsPDC denotes the response of the weighted control
effort to the input disturbance.

A controller K(s) = %U∗
s (s)/E∗

s (s), where E∗
s (s) denotes the

Laplace transform of e∗s , is sought to stabilize the closed-loop system
and minimize the H∞ norm of the transfer function Tzw, denoted as
∥Tzw ∥ ∞, i.e.,

minK(s)∥Tzw∥∞. (26)

The H∞ norm of the transfer function Tzw is defined as the supre-
mum over the frequency ω of the maximum singular value ( of
the transfer function, i.e., ∥Tzw(s)∥∞ ! sup

ω
([Tzw(jω)]. The H∞ norm

represents the maximum energy amplification between input and
output. Therefore, by minimizing ∥Tzw(s) ∥ ∞ while stabilizing the
closed-loop system, the effect of the input signal (reference, input
disturbance, output disturbance) on the energy of the output signal
(frequency-weighted tracking error, frequency-weighted control
effort) is also minimized. This is of critical importance because
the objective is to keep the frequency-weighted tracking error
Z1 = Wpe∗s and control effort Z2 = Wu%u∗

s small regardless of the
characteristics of the reference %y∗

tars , input disturbance %u∗
ds

and
output disturbance %y∗

ds
. Statement (26) defines what is called a

mixed sensitivity H∞ control problem since the goal is twofold:
reduction of the tracking error (minimization of Z1) while using as
little feedback control effort as possible (minimization of Z2). The
H∞ control synthesis technique is part of what is referred to as
robust control theory [28] because by setting an upper bound for
the H∞ norm of the closed-loop transfer function, the controller is
able to guarantee stability and a level of performance regardless
of changes in the plant dynamics within a predefined set. How-
ever, assessing the level of robustness both in terms of stability
and performance would require first to quantify the model uncer-
tainty, which is beyond the scope of this work. The goal of the
control design procedure in this work is to achieve performance
metrics in terms of error tracking and control effort minimization.
Achieving robustness metrics, which would require incorporating
an uncertainty model in the control design procedure, is not the
control objective sought in this work. Therefore, any robustness
property exhibited by the controller in experiments is not a direct
consequence of the control design method.

Table 1
The H∞ control parameters.

Weight function Mi wbi Ai Ki

Wp 1 1 0.0001 1
Wu 100 10 0.01 1

The weighting functions Wp and Wu, which can be parameter-
ized as [27]

Wp(s) =

( s√
M1

+ wb1

s + wb1

√
A1

)2

Kp, Wu(s) =

(
s + wb2

√
A2

s√
M2

+ wb2

)2

Ku,

are used to shape in the frequency domain the responses of the
tracking error and control effort. The coefficients M1 and M2 are
related to the high frequency behaviors, the parameters A1 and
A2 are related to the low frequency behaviors, and wb1 and wb2
are related to the bandwidths of the transfer functions. The design
parameters in the H∞ control synthesis, including Kp and Ku, are
shown in Table 1. The parameters are chosen to shape the fre-
quency responses 1/|Wp(jω)| and 1/|Wu(jω)|, which in turn serve
as the desired upper bounds for the maximum singular values of
the closed-loop transfer functions for the tracking error and control
effort. For good reference tracking and low-frequency disturbance
rejection, the magnitude of Ms should approach zero at low fre-
quency. In order to prevent amplification of high-frequency noise,
the peak magnitude of Ms needs to be suppressed and its magni-
tude should approach one at high frequency. Accordingly, for tight
control the magnitude of KMs should be larger than one at low
frequency, and should be attenuated below one at high frequency
to avoid noise amplification by the feedback controller. Finally,
the frequency range over which the feedback controller can actu-
ate the system is specified by placing upper and lower limits on
the bandwidth of the closed-loop system. Fig. 7 compares the fre-
quency responses of the upper bounds 1/Wp and 1/Wu with the
maximum singular values of the closed-loop transfer functions Ms,
MsPDC, KMs and KMsPDC, achieved with the synthesized feedback
controller K (see transfer function (25)) for R = diag([0.01, 0.25,
1000, 0.5, 0.25]) and Q = diag([0.05, 0.1, 1, 1, 1, 1]).
This figure shows to what extent the synthesized controller satisfies
the desired specifications. As can be seen from Fig. 7, the frequency
responses of the magnitudes of the maximum singular values of
the closed-loop transfer functions stay in general below or slightly
above their respective upper bounds within the frequency range
of interest. In particular, Fig. 7(a) shows that the achieved track-
ing capability of the controller is very close to the pursued tracking
goal. From Fig. 7(b), it is possible to note however that the controller
cannot reject input disturbances in all frequencies. This is indeed
expectable since it is not feasible to shape independently all the
possible transfer functions in a closed loop system due to intrinsic
sensitivity constraints [27,28] and lack of degrees of freedom (note
that that the transfer function between the target signal (or output
disturbance) and the weighted tracking error in Fig. 7(a) and the
transfer function between the input disturbance and the weighted
tracking error in Fig. 7(b) share the same free parameter, which is
the controller K through the sensitivity function Ms, and are sought
to be bounded by the same weight function 1/Wp). Importantly, the
controller guarantees good tracking and effective rejection of input
disturbances, which are constant in this work, at low frequencies,
and no amplification of the output disturbance, which is usually
noise, at high frequencies.

By solving the minimization problem (26), we can synthesize a
controller K that guarantees tracking while using as little control
effort as possible. This is achieved both during the transients and
in steady state, minimizing in turn (20). In practice, the control
input and measured output of the original system P are %u  and %y,
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Fig. 7. Inverse of performance weight Wp and maximum singular values of transfer function Ms (a) and MsPDC (b). Inverse of performance weight Wu and maximum singular
values  of transfer function KMs (c) and KMsPDC (d).

respectively. The measured output is in turn used to compute the
tracking error e = %ytar − %y. As shown in Fig. 6, the overall !-profile
and ˇN controller for system P can be computed as

K̂(s) = %U(s)
E(s)

= R−1/2VsK(s)S−1
s U

T
s Q

1/2, (27)

where %U(s) and E(s) denotes the Laplace transforms of %u  and e,
respectively, and where the definition of K(s) and the relationships
e∗s = S−1

s U
T
s Q

1/2e, %u  = R−1/2Vs%u∗
s have been used. For imple-

mentation in the DIII-D PCS, the controller (27) is expressed in state
space form, i.e.,

ẋc = Acxc + Bc(%ytar − %y)

%u  = Ccxc + Dc(%ytar − %y), (28)

where xc and (Ac, Bc, Cc, Dc) denote the controller state vector and
system matrices.

3.4. Control objectives, expectations and limitations

The significant component of the tracking error e∗s introduced in
the previous section and shown in Fig. 6 plays a crucial role both
in understanding the objectives of the controller and in judging its
performance. The significant component of the tracking error e∗s ,
representing the difference between the significant components of
the target %y∗

tars and the significant components of the output %y∗
s ,

can be written as

e∗s = %y∗
tars − %y∗

s = S−1
s U

T
s Q

1/2(%ytar − %y) = S−1
s U

T
s Q

1/2e, (29)

where e = %ytar − %y  = ytar − y denotes the tracking error. It is crit-
ical to realize at this point that the dynamic component of the

controller introduced in Section 3.3 is designed to reduce not the
tracking error e but the significant components of the tracking error
e∗s as decided by the static component of the controller designed in
Section 3.2, which takes care of the decoupling of the system and the
selection of the significant control channels based on the significant
basis given by the columns of Q−1/2UsSs. The cost function

Js = (e∗s )
T S2
s (e∗s ) = (%y∗

tars − %y∗
s )
T S2
s (%y∗

tars − %y∗
s ) =

k∑

i=1

Jsi , (30)

which reduces to the cost function (22) as t → ∞ and where
Jsi ! (2

i (%y∗
tari

− %y∗
i )

2, could therefore be used to evaluate the per-
formance of the controller.

In other words, the objective of the controller is only to drive the
component of the output %y  lying in the subspace generated by the
significant basis close to the component of the target %ytar lying in
the same subspace. The difference between these two components
is indeed the part of the tracking error e that can be driven to zero
or removed by the controller if enough actuation is available. The
tracking error can then be written as e = erm + enrm, where erm is
the removable tracking error and enrm is the unremovable tracking
error, which has no projection on the subspace generated by the
significant basis, i.e. S−1

s U
T
s Q

1/2enrm = 0. The removable tracking
error can be written as

erm = Q−1/2UsSse∗s = Q−1/2UsSs[S−1
s U

T
s Q

1/2e]

= Q−1/2UsSs[S−1
s U

T
s Q

1/2(%ytar − %y)]

= Q−1/2UsUTs Q
1/2%ytar − Q−1/2UsUTs Q

1/2%y

= (Q−1/2UsUTs Q
1/2%ytar + yFF ) − (Q−1/2UsUTs Q

1/2%y  + yFF ).

(31)
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The controller is then designed to reduce erm, or equivalently, to
drive the significant output %ys = Q−1/2UsUTs Q

1/2%y  close to the
significant target %ytars = Q−1/2UsUTs Q

1/2%ytar .
It is important to realize that, regardless of the number of sig-

nificant singular vectors used for control design, the objective of
the MIMO  controller is not to achieve tight regulation for a finite
number of components of the significant output but to reduce a
removable tracking error that includes all the components of the
output. The proposed controller is designed to drive the outputs
as close as possible to their target values in order to minimize
the overall weighted tracking error, which sometimes may  result
for instance in increasing the tracking error for some components
of the output if this leads to a decrease of the tracking error for
some other components that produces a net reduction of the over-
all weighted tracking error. It is therefore not expected individual
and independent control of a finite number of points on the profile
but a consistent reduction of the overall weighted tracking error. As
the overall weighted tracking error is driven to zero, tight regula-
tion of all the components of the output is achieved (in the subspace
generated by the basis of significant singular vectors). However, it is
unrealistic to expect no tracking error. As long as the control effort
is limited by physical (actuation saturation) or design (actuation
penalization) constraints, there will be some unreachable target
output. Besides the saturation of the actuators, which is inherent
to any physical system, in this work we penalize the control effort
during both the static controller design (weighting matrix R) and
the dynamic controller design (weighting function Wu). Therefore,
neither the cost function (30) nor the removable error (31) will be
driven to zero by the controller since its goal is not the pure elimi-
nation of tracking error but the combined minimization of tracking
error and control effort.

It is also critical to understand that the controller is designed for
a limited bandwidth. The weighting functions Wp and Wu, which
are functions of the frequency, not only impose relative weights
on the tracking error and the control effort but also define the
bandwidth over which the weights are imposed. In this way, the
closed-loop transfer functions are shaped in the frequency domain
with a particular bandwidth that will of course affect the response
of the system. This can be appreciated from Fig. 7(a), which shows
the frequency response of the sensitivity function Ms that relates
the target signal with the tracking error. It is possible to note that for
frequencies below 1 Hz, the tracking error is attenuated, while for
frequencies above 1 Hz, it is not. This implies that the closed-loop
system will be able to track only targets with frequency content
below 1 Hz. The bandwidth of the closed-loop system is directly
correlated with the bandwidth of the open loop system, which
is assumed during the modeling procedure by choosing the fre-
quency content of the excitation (input) signals during the system
identification experiments and the cutoff frequency of the low-
pass filter. Finally, it is always important to remember that the
plasma response models used for control design in this work are
linear and valid only around the reference state used during the
system identification experiments. The linearity of the model lim-
its the controller to applications where the control objective is just
the regulation of the system around the reference state. Moreover,
attempting just regulation around a reference state different from
that used for system identification may  limit the closed-loop per-
formance.

3.5. Design of anti-windup compensator

The DIII-D tokamak is a nonlinear complex system, which is sub-
ject to actuator saturations as shown in Table 2. At the moment
of designing the mixed-sensitivity H∞ MIMO  controller (28), the
actuator saturations were not considered, i.e., û = u and %û = %u.
As a result of saturation, the actual plant input may  be different

Table 2
Actuator limits in DIII-D for current-profile control experiments (some limits are due
to  practical operating constraints while others (e.g., Ip , PEC) are defined as adminis-
trative limits).

Channel Actuator Min  Max  Units

1 Ip 0.3 1.5 MA
2  Co-beam power 0 12.5 MW
3  Ct-beam power 0 5 MW
4  Blanced-beam power 0 2.5 MW
5  Total EC power 0.3 3 MW

from the output of the controller. In this case the controller out-
put does not drive the plant input and, as a consequence, the states
of the controller may  wind up because the plant does not respond
as expected, which can cause the behavior of the system to dete-
riorate dramatically or even become unstable. To cope with the
negative effects of saturation, the goal is not to redesign the pro-
posed MIMO  controller but to design an anti-windup compensator
that keeps the controller well-behaved and avoid undesirable oscil-
lations when saturation is present. The anti-windup compensator
must in addition leave the nominal closed-loop unmodified when
no saturation is present. The anti-windup augmentation is written
as

ẋaw = Aawxaw + Baw(û − u) + *(u, û)+

s = Cawxaw

+ = −cxaw − Aawxaw − Baw(û− u)

, (32)

where û denotes the output of the saturation function defined as

ûi = sat
umax
i

umin
i

(ui) =

⎧
⎪⎨

⎪⎩

umax
i if umax

i < ui

ui if umin
i < ui < umax

i

umin
i if ui < umin

i

, (33)

where umax
i and umin

i are the maximum and minimum saturation
limits for ith input channel, for i = 1, . . .,  m, *(u, û) = 1 if u = û and
0  otherwise, and c is a positive constant. The system matrices (Aaw,
Baw, Caw) of the anti-windup compensator are chosen identical to
the system matrices (A, B, C) of the plant model P in (5) and (6)
[29,30].

3.6. Control algorithm implementation in the DIII-D PCS

The controller was  implemented as a discrete-time state-space
system with a sampling time of 20 ms.  The motional Stark effect
(MSE) beam used to obtain q profile measurements in real-time
was turned on for 10 ms  and then off for 10 ms  within each
sampling period. The rtEFIT algorithm uses the MSE  measure-
ments to provide ˇN, the plasma current Ip, the poloidal stream
function at the magnetic axis  axis and at the plasma boundary
 bdry, and the safety factor q on a normalized flux spatial domain
 n = (  −  axis)/( bdry −  axis). By using the relationship between
the toroidal flux and the mean effective minor radius, a coordi-
nate transformation algorithm (see Appendix D in [20]) has been
implemented in the PCS as part of this work to construct the to-
be-controlled magnetic profile (q, !, , = 2# , or - ! ∂ /∂ "̂) as a
function of the normalized mean effective minor radius "̂ from the
data provided by the rtEFIT algorithm.

4. Closed-loop simulated and experimental results

Simulated and experimental results are presented in this sec-
tion to illustrate the performance of the proposed feedforward +
feedback control scheme. The whole control system, which com-
bines the MIMO  controller and the anti-windup compensator, is
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Fig. 8. Rotational transform ! profile (a) and safety factor q profile (b) for shots #140090, #146417, #147704 and #147707 at t = 2.5 s.

Table 3
Initial conditions.

Shot Identification Reference Dist. I Dist. II

Ip 0.9045 MA 0.9013 MA  0.8957 MA  0.8972 MA
ˇN 1.8840 2.3897 2.4097 2.3763

shown in Fig. 3. A reference (feedforward) control shot #146417
for the control experiment was run first without feedback control
in order to reproduce flat-top conditions of the system iden-
tification experiments. Fig. 8 compares ! and q at t = 2.5 s for
the typical system identification shot #140090 and the refer-
ence control shot #146417, and Table 3 provides the values of Ip
and ˇN at t = 2.5 s for both shots. Both the figure and the table
show that the reproduction is not completely successful, neither
in terms of the q or ! profiles, nor in terms of ˇN, which can
impact the closed-loop performance due to the questionable valid-
ity of the linear model. The feedforward inputs (after t = 2.5 s),
denoted as uFF, for the reference control shot #146417, which
are represented by red dashed lines in the figures in this sec-
tion, are Ip = 0.9 MA,  PCO = 1.9838 MW,  PCT = 0 MW,  PBL = 2 MW,  and
PEC = 1.4415 MW.  The feedforward inputs are rather different from
those used during the system identification experiments, which
are given by Ip = 0.85 MA,  PCO = 3.2681 MW,  PCT = 0 MW,  PBL = 0 MW,
and PEC = 1.4431 MW (after t = 2.5 s). This choice was driven by the
decision of: (i) moving the feedforward input values away from the
saturation values and providing more headroom for the feedback
controller while approximately preserving the total NBI power; (ii)
creating a to-be-tracked target profile slightly different from the
system-identification reference profile (assuming good reproduc-
tion of system-identification conditions at t = 2.5 s). The ! profile
and ˇN resulting from these reference (feedforward) inputs in shot
#146417, denoted as yFF, are used as targets in the control exper-
iments and represented by red dashed lines in the figures in this
section.

The goal for both simulations and experiments was to demon-
strate that the proposed controller is capable of regulating the
system around target ! profile and ˇN even in the presence
of disturbances. Note that since the control goal is regula-
tion, %ytar ≡ 0 ⇔ ytar = yFF in all the control experiments. As
discussed in Section 3.4, this implies that %ytars = %ytar ≡ 0 and
erm = yFF − (%ys + yFF). Since the goal of the controller is to drive
erm close to zero while minimizing the control effort, it is there-
fore of interest to compare %ys + yFF with ytar(= yFF), which are
represented by black dashed-dotted lines and red dashed lines,
respectively, in the figures in this section. Two  sets of input dis-
turbances (shown in Table 4) were created for this purpose. The

Table 4
Input disturbances.

Number %Ipd %PCOd %PCTd %PBLd %PECd

Disturbance I 0.1 MA  0 MW 0 MW 0 MW 0 MW
Disturbance II 0.1 MA  0.1 MW 0 MW −0.1 MW 0 MW

input disturbances of the plasma current and H&CD powers can be
expressed as %ud = [%ITpd , %PTCOd

, %PTCTd
, %PTBLd

, %PTECd
]T

(see Fig. 3 or Fig. 6 for disturbance injection point). Disturbance
I, representing a disturbance in the plasma current, is introduced
at t = 3 s to test ! profile control. Disturbance II, representing distur-
bances in both the plasma current and the neutral beam powers,
is introduced at t = 3 s to test simultaneous ! profile and ˇN control.
Note that while the total neutral beam power will be kept constant
by Disturbance II, it is expected that the disturbance in the plasma
current will in turn introduce a disturbance in ˇN. Moreover, the
disturbance in the plasma current will affect the outer region of
the ! profile while the disturbances in the beam powers will affect
the inner region of the ! profile.

The decision of not smoothening the target signal ytar(= yFF)
obtained as a direct measurement from the reference (feedfor-
ward) control shot #146417, although not optimal and leading to
a more complicated analysis of the results, responds to the con-
venience of minimizing operations between discharges to avoid
implementation mistakes and to maximize the experimental time.
The objective is however by no means the tracking of the measure-
ment noise. The high-frequency noise cannot be indeed tracked by
the closed-loop system due to its limited bandwidth (see Fig. 7(a)).
It is therefore expected that most of the noisy component of the tar-
get be filtered by the closed-loop system itself and approximately
the same closed-loop response be obtained regardless of using a
noisy or a smoothened target signal.

During the control experiments, the counter-injection beam
was not available and the gyrotrons were either poorly controlled
or unavailable. The unavailability of the counter-injection beam
was known right before the experiment, allowing for the redesign
of the controllers in preparation for this condition by setting a high
value for the associated weight in the R matrix. Associating a high
weight to an unavailable actuator instead of removing it from the
model, which would indeed be a better solution, allows for the
redesign of the controller without modifying its number of out-
puts, reducing in this way the risk of controller implementation
problems when the actuator is lost right before the experiment.
The gyrotrons were lost during the experiment, not allowing for the
redesign of the controller. Note that the controller does not request
counter-injection beam power but it does request gyrotron power.
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Fig. 9. Rotational transform ! profile closed-loop-controlled simulation (shot #147704): (a) inputs, (b) outputs. Disturbance I. Light-gray background: feedback on –
disturbance off, dark-gray background: feedback on – disturbance on.

The proposed controllers were tested in the flat-top phase of
the discharge, from ti = 2.5 s to tf = 6 s in both simulations and
experiments. To allow for comparison between simulations and
experiments, the same reference (feedforward) inputs, input dis-
turbances, actuator constraints, and approximate initial plasma
conditions were used in both cases.

4.1. Case 1: rotational transform ! profile control under
disturbance I

When the objective is the control of just the ! profile, only the
state equation of the slow model (5) is used for control design.
To improve the tracking performance while avoiding spending a

Fig. 10. Rotational transform ! profile closed-loop-controlled experiment (shot #147704): (a) inputs, (b) outputs. Disturbance I. Light-gray background: feedback on –
disturbance off, dark-gray background: feedback on – disturbance on.
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Fig. 11. Plasma !( "̂) profile at time t = 2.538, 3.518, 4.518, 5.518 s (shot # 147704). Target (red dashed line), significant ! (black squares) and experimental ! (blue circles)
profiles. (For interpretation of the references to color in this legend, the reader is referred to the web version of the article.)

lot of control effort for a marginal improvement of the cost func-
tion value, the control weight matrix is defined as R = diag([0.01,
0.25, 1000, 0.5, 0.25]) and only the two most significant sin-
gular values (k = 2) are preserved in this case study. In this way,
the plasma current Ip plays a significant role in controlling the !
profile at the plasma boundary and the effort by the controller is
focused on reducing the two most significant contributions to the
cost function value. Note that this decision is rather conservative
because up to k = 3 singular values could have been kept according
to the number of available actuators (Ip, PCO, PBL). Equal weight is
put on each tracking error component, i.e., Q = diag([1, 1, 1, 1,
1]).

Fig. 9 shows simulation results. The controller rejects the dis-
turbance in the plasma current Ip quickly and drives the Ip close to
the constant reference (feedforward) value, as shown in Fig. 9(a.1).
Beam and gyrotron powers, shown in Fig. 9(a.2)–(a.5), are weakly
modulated by the feedback controller within the saturation limits
and are driven towards to their reference (feedforward) values by
the end of the discharge. In the first 0.5 s of the simulation, from
t = 2.5 s to t = 3 s, the regulation results for the undisturbed plant
are satisfactory for all control points ( "̂ = 0.2, 0.4, 0.5, 0.6, 0.8) as
shown in Fig. 9(b). Once the disturbance in the plasma current is
injected at t = 3 s, its effect on the outer ! profile becomes clearly
notable from Fig. 9(b.5), where it is shown that the ! value at
"̂ = 0.8 ramps up. The robust controller rejects the disturbances
and reduces the tracking errors in less than 1 s, keeping them below
5% for the rest of the discharge.

Fig. 10 shows the experimental results obtained from shot
#147704. As shown in Fig. 10(a.1), the !-profile controller rejects

the plasma current disturbance rather fast and the dedicated Ip
controller delivers the requested current very closely. The work-
ing beams successfully follow the values requested by the !-profile
controller but the EC H&CD system is not available during the
discharge and does not deliver the requested value, which intro-
duces an additional disturbance into the closed-loop system that
the controller must overcome. Both the EC H&CD system and the
counter-injection beam have important effects on the plasma resis-
tivity and toroidal current density in the center of the plasma. This
can be appreciated by examining the steady-state gains of the sys-
tem in Fig. 4, where both PCT and PEC strongly affect the inner part
of the steady-state ! profile. The lack of EC H&CD power regulation,
added to the unavailability of the counter-injection beam, makes
the control of the inner ! profile very challenging. Since the plasma
current disturbance is quickly rejected after t = 3 s, the outer profile
tracking errors are kept small. There are nearly no tracking errors
after t = 4 s for ! at "̂ = 0.5, 0.6, 0.8 as noted from Fig. 10(b.3)–(b.5).
During the experiment, the requested EC and balanced-beam pow-
ers reach saturation and activate the anti-windup compensator,
which causes the difference observed between simulation (Fig. 9)
and experiment (Fig. 10).

A series of four plasma ! profiles at different times during the
experiment are shown in Fig. 11. As can be seen from Fig. 11(a),
the initial profile is very close to the target, which implies that the
conditions of shot #146417 have been successfully reproduced at
t = 2.5 s. After the input disturbances is injected into the system,
the tracking performance deteriorates, particularly in the inner
region of the plasma as shown in Fig. 11(b). As time goes on, the
controller rejects the disturbance and forces the tracking errors at
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Fig. 12. Control performance metrics (shot #147704 – Disturbance I): (a) cost function, (b) removable tracking error for ! profile at "̂ = 0.2, 0.4, 0.5, 0.6, 0.8. Light-gray
background: feedback on – disturbance off, dark-gray background: feedback on – disturbance on.

Fig. 13. Rotational transform ! profile closed-loop-controlled simulation (shot #147707): (a) inputs, (b) outputs. Disturbance II. Light-gray background: feedback on –
disturbance off, dark-gray background: feedback on – disturbance on, white background: feedback off – disturbance on.
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Fig. 14. Rotational transform ! profile closed-loop-controlled experiment (shot #147707): (a) inputs, (b) outputs. Disturbance II. Light-gray background: feedback on –
disturbance off, dark-gray background: feedback on – disturbance on, white background: feedback off – disturbance on.

"̂ = 0.5, 0.6, 0.8 to become smaller as shown in Fig. 11(c) and (d).
Due to the unavailability of both the EC H&CD and the counter-
injection NBI systems in this experiment, the tracking performance
at "̂ = 0.2, 0.4 remains rather poor during the whole discharge.

Since (k = 2) < (m = p = 5) in this case, not all the outputs live
in the subspace generated by the significant singular vectors. In
other words, %ys /= %y  and not all the tracking error is remov-
able (e = erm + enrm). This explains the fact that blue solid lines and
dashed-dotted black lines are not coincident in Fig. 10, and blue
circles and black squares are not coincident in Fig. 11. It is however
possible to note from these figures that the two  dominant output
singular vectors can indeed reproduce quite well the outer part of
the profile, i.e., %ys ≈ %y  in the outer region. This is not the case in
the in inner region, where there is a marked difference between %ys
and %y, and therefore a substantial unremovable tracking error.
This can be explained by examining the steady-state gains of the
system in Fig. 4, where the responses of the system to both PCO
and PBL, the only beam groups available in this experiment, show a
marked difference between %ys and %y in the inner region and a
good match in the outer region. Therefore, it is not only the unavail-
ability of PEC and PCT but also the inability of PCO and PBL to make
%ys ≈ %y  in the inner region the reasons for a poor tracking perfor-
mance at "̂ = 0.2, 0.4 as shown in Figs. 10 and 11. It is important
to note at this point that by shaping the singular vector bases, the
weighting matrices Q and R play an important role in determin-
ing the differences between %ys and %y for the different actuators
observed in Fig. 4. However, what is important from the point of
view of the controller performance is its ability to drive %ys close
to zero, or %ys + yFF (dashed-dotted black lines) close to ytar = yFF
(red dashed lines), as shown in Fig. 10 for all the points of the !
profile, including those in the inner region ( "̂ = 0.2 and "̂ = 0.4).
This can also be appreciated from Fig. 11, where the significant
output profile %ys + yFF (black squares) is driven close to the target
profile ytar = yFF (red dashed lines). The time evolution of the signif-
icant components of the cost function Js (30) in Fig. 12(a) shows the

effectiveness of the controller in rejecting the disturbance within
the subspace generated by the dominant singular vectors. Note
that the effect of the disturbance is mainly captured by the most
dominant output singular vector. This can be explained by noting
that Disturbance I (see Table 4) heavily affect the most dominant
input singular vector (see Fig. 5(b)). Fig. 12(b) shows that all the
removable tracking error erm (31) components are driven close to
zero.

4.2. Case 2: rotational transform ! profile and ˇN control under
disturbance II

Due to the large difference in plasma resistivity between the
center and the edge, the current density rapidly equilibrates at the
edge, and evolves slowly in the center. This, combined with the
actuation limitations discussed in Section 4.1, makes the control of
the inner ! profile very challenging. Recognizing the lack of capa-
bility for controlling the inner part of the profile, and to prevent the
controller from spending a large amount of control effort through
the available actuators trying to reduce the tracking error in the
inner region without any significant improvement in overall per-
formance, the state weight matrix is chosen as Q = diag([0.05, 0.1,
1, 1, 1, 1]) (the weights of the tracking errors associated with
!(0.2, t) and !(0.4, t) are reduced). The main control effort is therefore
applied to !(0.5, t), !(0.6, t), !(0.8, t), and ˇN(t). Moreover, in order
to be able to evaluate the controller effectiveness in regulating the
! profile and ˇN(t) within the limited controllable region defined
by the available actuators, only the two  most important singular
values (k = 2) are preserved in this case study. Note that this deci-
sion, as in the previous case, is rather conservative because up to
k = 3 singular values could have been preserved. The expectation
is that the three available actuators will provide the capability of
actuating in these two most dominant directions. The other control
parameters are the same as in Section 4.1. The feedback controller
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Fig. 15. Plasma !( "̂) profile at time t = 2.538, 3.018, 3.218, 4.738, 5.018, 5.998 s (shot # 147707). Target (red dashed line), significant ! (black squares) and experimental ! (blue
circles)  profiles. (For interpretation of the references to color in this legend, the reader is referred to the web version of the article.)

is turned on and off throughout the discharge, i.e., OFF for 0–2.5 s,
ON for 2.5–4.75 s, OFF for 4.75–5 s, and ON for 5–6 s.

Fig. 13 shows simulation results. In the first 0.5 s of the simula-
tion, from t = 2.5 s to t = 3 s, the controller regulates ! and ˇN around
the target values. When the disturbance is initially introduced into
the system at t = 3 s, the outer ! profile moves away from the target
value immediately. As shown in Fig. 13(a.1), the disturbance in the
plasma current is rejected by the controller and the reference (feed-
forward) value is recovered after the transient. Beam and gyrotron
powers, shown in Fig. 13(a.2)–(a.5), are modulated by the feedback
controller away from their reference values without hitting satu-
ration limits. Due to the increased level of beam power, ˇN also

moves away from its target value. The feedback controller finally
rejects the effects of the input disturbance after around 1.75 s, and
both the target ! profile and ˇN evolutions are once again effectively
tracked. Then the controller is turned off for 0.25 s from t = 4.75 s to
t = 5 s, and the tracking error becomes larger in the outer region of
the ! profile (there is no large change in the neutral beam powers
after turning off the feedback controller and the disturbance in the
plasma current seems to modify ˇN in the expected direction). In
the final second of the simulation, from t = 5 s to t = 6 s, the con-
troller is turned back on and it rejects nearly all the effects of the
disturbance by repeating the control actions already observed dur-
ing the first on-period from t = 3 s to t = 4.75 s. Based on the results
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Fig. 16. Control performance metrics (shot #147707 – Disturbance II): (a) cost function, (b) removable tracking error for ! profile at "̂ = 0.2, 0.4, 0.5, 0.6, 0.8 and ˇN . Light-gray
background: feedback on – disturbance off, dark-gray background: feedback on – disturbance on, white background: feedback off – disturbance on.

from Fig. 13, we can note that the outer ! profile is strongly affected
by the plasma current and ˇN is strongly affected by the beam and
gyrotron powers. The controller tries to recover the target ! pro-
file without producing large ˇN excursions. Once the disturbance
is rejected, the ! profile and ˇN are driven to the target values.

Fig. 14 shows the experimental results obtained from shot
#147707. The plasma current (Fig. 14(a.1)) and the beams
(Fig. 14(a.2)–(a.4)) successfully follow the requested values with-
out exhibiting any saturation. The EC (Fig. 14(a.5)), used for
plasma heating and current drive, is off during the experiment.
The difference between achieved and requested values of PEC
(Fig. 14(a.5)) can be interpreted as an additional disturbance
because, as explained before, the controller has not been redesigned
to avoid using the EC H&CD system and still requests a PEC value. It
can be noted from Fig. 15(a) that it is indeed not possible to repro-
duce the target profile in the center of the plasma (! at "̂ = 0.2)
at the beginning of the closed-loop control experiment (t = 2.5 s),
i.e., the conditions of the reference control shot #146417 at t = 2.5 s
have not been successfully reproduced in this case. This is also
reflected in the initial condition of the time trace for ! at "̂ = 0.2
in Fig. 14(b). It may  be important to appreciate from Fig. 8 that the
initial profile is closer in this case to that achieved in the system
identification shot #140090 at t = 2.5. From t = 3 s to t = 4.75 s, the
controller rejects the input disturbance very effectively. Note from
Fig. 14(b) how both the ! profile and ˇN recover their target val-
ues after the transient produced by the injection of disturbances at
t = 3 s. This is in part due to the fact that the achieved control inputs
follow the requested values very well for the working actuators.
When the controller is turned off at t = 4.75 s, the actuator values
drift away from the feedforward values immediately and a tracking
error becomes noticeable particularly for ˇN and the outer ! profile.
Finally, the feedback controller is turned on at t = 5 s and it drives
back the ! profile and ˇN to their target values, rejecting once again
the effects of the input disturbance. When the experimental input

and output signals in Fig. 14 are compared with those in Fig. 13,
which are predicted by the identified model in closed-loop simu-
lations, it is possible to observe a remarkable similarity. Since the
input signals (Figs. 13(a) and 14(a)) are determined exclusively by
the controller based on the measurements provided by the diag-
nostics, the observed similarity is another proof of the capability of
the identified model to capture the plasma dynamics around the
regulated state.

A series of six plasma profiles at different times of the shot
#147707 are shown in Fig. 15. Due to the design of the weight
matrix Q, the control effort is mainly applied to !(0.5, t), !(0.6, t),
!(0.8, t) and ˇN. The ! tracking errors in the center of the plasma
are larger than the ! tracking errors at the edge of plasma. This is
in part explained by the fact that, as shown in Fig. 15(a), the target
profile is not reproduced at the initial time probably due to the loss
of critical actuators (counter-injection NBI and EC powers). After
the input disturbances are injected into the system, these tracking
errors become larger, as shown in Fig. 15(b). As time goes on in shot
#147707, the tracking errors become smaller as shown in Fig. 15(c)
and (d) thanks to the action of the feedback controller. When the
feedback controller is turned off, the tracking errors increase once
again as shown in Fig. 15(e) before recovering after the controller
is turned back on as shown in Fig. 15(f).

Since (k = 2) < (m = 5), (p = 6) in this case, not all the outputs live in
the subspace generated by the significant singular vectors. There-
fore, as in the previous case, %ys /= %y  and not all the tracking error
is removable (e = erm + enrm). This explains the fact that blue solid
lines and dashed-dotted black lines are not coincident in Fig. 14,
and blue circles and black squares are not coincident in Fig. 15.
Similarly to the previous case, the two  dominant output singular
vectors can indeed reproduce quite well the outer part of the pro-
file, i.e., %ys ≈ %y  in the outer region. This is not the case in the in
inner region, where there is a marked difference between %ys and
%y, and therefore a substantial unremovable tracking error. What
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is important from the point of view of the controller performance
is its ability to drive %ys close to zero, or %ys + yFF (dashed-dotted
black lines) close to ytar = yFF (red dashed lines), as shown in Fig. 14
for all the points of the ! profile. This can also be appreciated from
Fig. 15, where the significant output profile %ys + yFF (black squares)
is driven close to the target profile ytar = yFF (red dashed lines). Note,
as a difference from the previous case, that the removable com-
ponent of the error is relatively small during all the discharge in
the inner region ( "̂ = 0.2 and "̂ = 0.4), i.e., %ys + yFF ≈ ytar = yFF for
"̂ = 0.2 and "̂ = 0.4. This may  be related to the selection made for
the components of the matrix Q associated with these outputs,
which makes almost the entirety of the error unremovable free-
ing the controller from the responsibility of tightly regulating the !
profile at these points. The time evolution of the significant compo-
nents of the cost function Js (30) in Fig. 16(a) shows the effectiveness
of the controller in rejecting the disturbance within the subspace
generated by the dominant singular vectors. Note that in this case
the effect of the disturbance is captured by the two  most dominant
output singular vectors since Disturbance II (see Table 4) projects
not only on the first but also on the second most dominant input sin-
gular vector (see Fig. 5(b)). Fig. 16(b) shows that all the removable
tracking error erm (31) components are driven close to zero.

5. Conclusions

A robust, model-based, MIMO,  !-profile and ˇN controller has
been designed for the flat-top phase of DIII-D H-mode discharges.
The design is based on a two-timescale linear, dynamic, plasma-
response model, which has been identified around a reference
profile during the current flat-top phase. The feedback controller
is designed based on this model to regulate the system around a
target, which is assumed to be close to the reference profile around
which the model has been identified, even in the presence of vari-
ous disturbances. Singular value decomposition of the steady state
transfer function is used to decouple the system and identify the
most relevant control channels. The mixed sensitivity H∞ tech-
nique is used to minimize the tracking error and to optimize control
effort ignoring the saturation. Then the closed-loop system is aug-
mented with an anti-windup compensator in order to minimize
the effects of any control input constraint. The proposed controller
represents one of the first profile controllers integrating magnetic
and kinetic variables ever implemented and experimentally tested
in DIII-D.

The preliminary experimental results presented in this work,
although limited in number and constrained by actuators problems,
show good progress towards routine current profile control in DIII-
D and leaves valuable lessons for control redesign. The controller
has been proven effective at reducing the removable component of
the tracking error, which has been defined as the part of the track-
ing error that can be driven to zero based on the control authority
given by the number of significant singular values retained during
the selection of the most relevant control channels. The number of
significant singular values should be no greater than the number
of available actuators. Demonstration of full profile control is still
pending and will require the availability of all the actuators and the
use of all the control channels.

Some rather sluggish and weak actuation observed in the
closed-loop experiment may  not be related to the inability of the
controller to actuate in some directions because of limited actu-
ation or neglected control channels but to the limited bandwidth
of the closed-loop system. More aggressive controllers could be
designed in this case by increasing the frequency content of the
excitation (input) signals during the system identification exper-
iments, by increasing the cutoff frequency, or even better, by
eliminating the need to choose a cutoff frequency associated with

the slow dynamics of the system during the identification of the
data-driven model, by increasing the weight Q and decreasing the
weight R (tighter control at the expense of more control effort)
during the design of the static component of the controller, and
by selecting weights Wp and Wu leading to an increase of the
closed-loop response bandwidth during the design of the dynamic
component of the controller. The anti-windup compensator would
be an indispensable companion of these more aggressive con-
trollers. In addition, it would be critical to simultaneously control
ˇN while controlling the ! profile to prevent the controller from
triggering MHD  instabilities in its aggressive effort to achieve the
desired target profile. The risk of triggering MHD instabilities in our
search for a faster response is however not reserved to an aggressive
feedback control action. As we introduce more vigorous excitations
in order to increase the bandwidth of the data-driven response
model, we also increase the likelihood of triggering MHD  instabili-
ties during the open-loop system identification experiments, which
clearly represents another challenge associated with the design of
data-driven controllers.

More experimental tests are needed to assess the appropriate-
ness of using data-driven linear models for current profile control.
Being able to control the current profile during the ramp-up and
ramp-down phases, being able to regulate the current profile for
different scenarios (around different reference states), or being able
to drive the current profile from one target profile to another will
most likely require adaptive or nonlinear control approaches based
on richer dynamic models obtained by a first-principles-driven
modeling approach. However, the preliminary control experiments
carried out at DIII-D suggest that regulation of the current profile
around a reference state during the flat-top phase of the discharge,
as is the objective of this work, may  be possible using a data-driven
linear modeling and control approach if enough actuation is avail-
able. However, a serious study on the performance of the regulator
as the target state moves away from the reference state around
which the linear model has been identified is still pending. In rela-
tion to the control approach proposed in this work, the sensitivity
of the static component of the controller, which decides the most
relevant control channels by a SVD approach, to un-modeled or
mis-modeled plasma response and its impact on performance need
further analysis.
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