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• Scenario  planning  in  EAST  is  formulated  as  a  constrained  nonlinear  optimization  problem.
• The  magnetic  diffusion  equation  is  combined  with  physics-based  correlations  to  obtain  a control-oriented  response  model.
• The  optimization  objective  is  to design  feedforward  actuator  trajectories  to reach  a desired  plasma  state.
• The  desired  plasma  state  is defined  in  terms  of  the  q profile,  ˇN, and  a stationary  condition.
• The  model-based  optimization  problem  under  input  and  state  constraints  is  solved  by  employing  sequential  quadratic  programming.
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a  b  s  t  r  a  c  t

Ongoing  work  in  the  fusion  community  focuses  on developing  advanced  plasma  scenarios  characterized
by  high  plasma  confinement,  magnetohydrodynamic  (MHD)  stability,  and  noninductively  driven  plasma
current.  The toroidal  current  density  profile,  or alternatively  the q profile,  together  with  the  normalized
beta,  are often  used  to characterize  these  advanced  scenarios.  The  development  of  these  advanced  sce-
narios  is  experimentally  carried  out by  specifying  the  devices’  actuator  trajectory  waveforms,  such  as
the total  plasma  current,  the  plasma  density,  and the  auxiliary  heating  and  current-drive  (H&CD)  sources
based on  trial-and-error  basis.  In  this  work,  a model-based  numerical  optimization  approach  is  followed
to  complement  the experimental  effort  on  actuator  trajectory  planning  in the  EAST  tokamak.  The evo-
lution  of the  q profile  is closely  related  to the evolution  of the  poloidal  magnetic  flux  profile,  whose
dynamics  is modeled  by  a nonlinear  partial  differential  equation  (PDE)  referred  to  as  the  magnetic-flux
diffusion  equation  (MDE).  In this  work,  the  MDE  is  combined  with  physics-based  correlations  obtained
from  EAST  experimental  data  for  the  plasma  density,  temperature,  resistivity  and  non-inductive  current
drives  to  develop  a control-oriented  nonlinear  PDE  model.  The  optimization  objective  is  to design  feed-
forward  trajectories  for the plasma  current,  plasma  density,  electron  cyclotron  heating  power,  neutral
beam injection  power  and lower  hybrid  current  drive  power  that  steer  the  plasma  to  desired  q profile  and
ˇN such  that  the  achieved  state  is  stationary  in  time.  The  optimization  is  subject  to the  plasma  dynamics
(described  by  the  physics-based  PDE  model)  and  plasma  state  and actuator  constraints,  such as  the  max-
imum  available  amount  of H&CD  power  and  MHD  stability  limits.  This  defines  a  nonlinear,  constrained
optimization  problem  that  is  solved  by employing  sequential  quadratic  programming.  The optimized
actuator  trajectories  are  assessed  in  nonlinear  transport  simulations  in  preparation  for  experimental
tests  in  EAST.

© 2017  Elsevier  B.V.  All  rights  reserved.

1. Introduction

Extensive research has been conducted to find operating sce-
narios that provides high plasma performance in tokamak devices.
These scenarios are characterized by high fusion gain, good plasma
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confinement, magnetohydrodynamic (MHD) stability and nonin-
ductively driven plasma current. Traditionally, these advanced
scenarios are developed through a trial-and-error process by
inputting specific actuator waveforms experimentally, such as the
total plasma current and the auxiliary heating and current-drive
(H&CD) powers, and analyzing the resulting plasma evolution. Two
quantities often used to evaluate the operating scenario are the
current density profile, or alternatively the safety factor profile (q-
profile), which is related to plasma stability and performance, and
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the normalized plasma beta (ˇN), which is a measure of plasma
confinement [1].

One possible approach to developing an advanced operating
scenario is to create a desired q-profile during the plasma cur-
rent ramp-up and early flattop stages and to maintain the desired
profile during the subsequent stages of the discharge. However,
the desired profile may  not be achievable due to physical con-
straints, such as the auxiliary H&CD power limit, the total plasma
current ramp rate and the minimum value of the q-profile (to pre-
vent MHD  instabilities from happening and degrading the plasma
performance). In practice, the goal is to achieve the best possible
matching at a prespecified time during the early flattop phase of
the total plasma current pulse, which defines a finite-time opti-
mal  control problem. The idea of combining predictive simulation
with optimization techniques for model-based scenario planning
was originally proposed in [2–5] by employing different approaches
such as extremum seeking, iterative learning control, minimal sur-
face theory and nonlinear programming. These ideas were further
developed in subsequent work [6,7], where slightly different mod-
els and modified cost functions were employed. In this work, this
model-based numerical optimization approach is extended to the
EAST tokamak.

This paper is organized as follows. In Section 2, the poloidal
magnetic flux profile and stored energy evolution models are
introduced, together with a model reduction strategy. Formulation
of the actuator trajectory optimization problem and its solution is
given in Section 3. Test result showing the effectiveness of the opti-
mized trajectory is presented in Section 4. In Section 5 conclusions
and future work are presented.

2. Poloidal flux and stored energy evolution models

Any quantity constant on each magnetic surface could be chosen
as an indexing coordinate !. We  choose the mean effective minor
radius of the magnetic surface as the variable !, i.e., "B#,0!2 = $,
where $ is the toroidal magnetic flux and B#,0 is the toroidal mag-
netic field at the major radius of the device, R0. The normalized
effective minor radius !̂ is defined as !̂ = !/!b, where !b is the
mean effective minor radius of the uttermost closed magnetic flux
surface. The evolution of the poloidal magnetic flux is given by the
magnetic diffusion equation (MDE) [8]

∂ 
∂t

= &(Te)
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where   is the poloidal flux per radian, which is closely related
to the poloidal flux (,  i.e. ( = 2" , t is the time, & is the plasma
resistivity, Te is the electron temperature, '0 is the vacuum per-
meability, j̄NI is any source of noninductive current density, B̄ is
the magnetic field, ⟨⟩ denotes a flux-surface average, and D ( !̂) =
F̂( !̂)Ĝ( !̂)Ĥ( !̂). The parameters F̂(  !̂), Ĝ( !̂), Ĥ( !̂) are geometric fac-
tors pertaining to the magnetic configuration of a particular fixed
plasma equilibrium. The boundary conditions are given by
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where Ip(t) is the total plasma current.
The volume-averaged plasma energy balance can be described

as

dE
dt

= − E
)E(t)

+ Ptot(t), (3)

where )E is the global energy confinement time and Ptot
is the total power injected into the plasma, which can be

represented as Ptot(t) = Pohm(t) + Pnbi1 (t) + Pnbi2 (t) + Plh(t) +
Pich(t) − Prad(t). Pohm(t) is the ohmic power, Pnbi1 (t) and Pnbi2 (t)
are the powers of the two neutral beam injectors, Plh(t) is the
power of the lower hybrid wave launcher, Pich(t) is the powers of
the ion cyclotron, and Prad(t) is the radiated power. The energy
confinement time )E is modeled as [9]

)E(t) = 0.023I0.96
p P−0.73

tot R1.89
0 a−0.06n̄0.40

e B0.03
#,0 A

0.20
eff *

0.64, (4)

where a is the minor radius, n̄e is the line average density, Aeff is the
average ion mass and * is the elongation.

2.1. Plasma parameters

Some plasma parameters that are of interest in determining the
stability and performance of a tokamak are taken into consideration
for actuator trajectory planning, such as the q-profile, the plasma
ˇN and the plasma loop-voltage profile Up. The q-profile is related
to the spatial gradient of the poloidal magnetic flux and is defined
as

q( !̂, t) = −d$
d(

= −
B#,0!

2
b !̂

∂ /∂ !̂
.  (5)

The plasma ˇN is related to the volume-averaged plasma stored
energy E and is defined as

ˇN = ˇt[%]
aB#,0
Ip

, ˇt = ⟨p⟩V
B2
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=
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3B2
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where ˇt is the plasma toroidal beta, p is the plasma kinetic pres-
sure, and Vp is the total plasma volume. The loop-voltage profile is
related to the temporal derivative of the poloidal magnetic flux and
is defined as

Up( !̂, t) = −2"
∂ 
∂t
. (7)

2.2. Model reduction via finite difference

To simulate the infinite dimensional PDE (1)–(2), the spatial
domain is discretized via a finite-difference method. By defining
the vector state Z = [ ( !̂i, t), E(t)], for i = [1, 2, . . .,  n − 1, n], where
n is the number of points in the spatial grid, an augmented system
which combines (1)–(2) and (3) is written as

Ż = F(Z, u), (8)

where u are the system inputs (defined in next section).

3. Actuator trajectory optimization problem

The goal of the actuator trajectory optimization problem is to
determine feedforward actuator waveforms that drive the plasma
to a target state (defined in terms of the q-profile (qtar( !̂)) and nor-
malized plasma beta (ˇtarN )) at some time tf during the early flattop
stage of plasma discharge in such a way  that the achieved state is
as stationary in time as possible.

3.1. Cost function definition

As the poloidal flux profile evolves with the slowest time
constant in the plasma, if it reaches a stationary condition, i.e.,
Up( !̂, t) = constant, all of the other plasma profiles have also reached
a stationary condition. Therefore, the stationarity of the plasma
state can be defined by the profile gss( !̂, t) = 0, where gss( !̂, t) =
∂Up/∂ !̂. The proximity of the achieved plasma state to the target
state at the time tf can be described by the cost function

J(tf ) = kssJss(tf ) + kqJq(tf ) + kˇN JˇN (tf ), (9)
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where kss, kq, kˇN are used to weight the relative importance of the
plasma state characteristics, and Jss, Jq, JˇN are defined as

Jss(tf ) =
∫ 1

0
Wss( !̂)[gss( !̂, tf )]

2 d !̂, (10)

Jq(tf ) =
∫ 1

0
Wq( !̂)[qtar( !̂) − q( !̂, tf )]

2
d !̂, (11)

JˇN (tf ) = [ˇtarN − ˇN(tf )]
2
, (12)

where Wq( !̂) and Wss( !̂) are positive functions used to weight
which portions of the respective profiles are more important rela-
tive to the others.

3.2. Actuator constraints and parameterization

The actuators are two neutral beam injectors (NBI), one lower
hybrid (LH) wave launcher, one ion cyclotron (IC) wave launcher,
the total plasma current Ip and the line average electron density un.
In this work, the line average electron density is considered as a
measurable quantity instead of as an actuator due to its associated
control challenges. The actuator magnitude and rate constraints are
given by

Imin
p ≤ Ip(t) ≤ Imax

p , (13)

Pmin
nbi1 ≤ Pnbi1 ≤ Pmax

nbi1 , (14)

Pmin
nbi2 ≤ Pnbi2 ≤ Pmax

nbi2 , (15)

Pmin
lh ≤ Plh ≤ Pmax

lh , (16)

Pmin
ic ≤ Pic ≤ Pmax

ic , (17)

−Idp,max ≤ dIp/dt ≤ Iup,max, (18)

where (·)min and (·)max are the minimum and maximum limits,
respectively, and Idp,max and Iup,max are the maximum total plasma
current ramp-down and ramp-up rates, respectively. Pi, where
i ∈ {nbi1, nbi2, lh,  ic}, is the individual power input from different
actuators. By defining the control input vector u = [Pnbi1, Pnbi2, Plh,
Pic, Ip], we could parameterize the trajectory of the ith control actu-
ator (ui) by a finite number of parameters (nui ) at discrete points in
time (tui ), i.e., tui = [t0i , t1i , . . .,  tki , . . .,  t(nui−2)

i , t(nui−1)
i = tf ] for i ∈ [1,

5], k ∈ {0, 1, 2, . . .,  nui − 1}. By combining all of the parameters
into a vector + = [u1

1, . . .,  unu11 , . . .,  u1
i , . . .,  unuii , . . .,  u1

5, . . .,  unu55 ],
the actuator trajectories can be obtained by interpolation of +, i.e.,
ui(t) = ui(tki ) + (uk+1

i − uki )(t − tki )/(tk+1
i − tki ) for t ∈ [tki , tk+1

i ]. The
actuator constraints (13)–(18) can be written in matrix form as

Alim
u + ≤ blim

u . (19)

3.3. Magnetohydrodynamic (MHD) stability constraints

The first MHD-related stability limit considered in this work is
expressed as

qmin(t) ≥ qlim
min, (20)

where qmin(t) = min(q( !̂, t)) and qlim
min is a constant chosen to be

slightly greater than one to avoid the onset of sawtooth oscilla-
tions. The next MHD-related stability limit considered in this work
is given by

n̄e20(t) ≤ ng(t), (21)

where n̄e20(t) is the line-averaged electron density evaluated in
units of 1020 m−3 and ng(t) = Ip(t)[MA]/"a2 is referred to as the

Greenwald density limit. The last MHD-related constraint consid-
ered in this work is given by

ˇN(t) ≤ ˇlim
N . (22)

To reduce the computational burden, these three MHD con-
straints are then formulated into one integral constraint,

clim
MHD(Z) ≤ 0, (23)

where

clim
MHD(Z) =

∫ tf

t0

[
max{0, qlim

min − qmin(t)}

+ max{0, n̄e20(t) − ng(t)} + max{0, ˇN(t) − ˇlim
N }

]
dt. (24)

3.4. Optimization problem statement and solution method

By following the steps in previous section, the actuator trajec-
tory planning can be formulated as an optimization problem,

min+J(tf ) = J(Ż(tf ), Z(tf )), (25)

subject to equality (8) and inequalities (19) and (23).
We apply sequential quadratic programming (SQP) to solve this

optimization problem. The idea of SQP is to approximate the cost
function by a second order Taylor expansion and the constraints
by a first order Taylor expansion at the current iteration’s solution.
This defines a quadratic optimization problem that can be solved
by quadratic programming to obtain a new solution. This iterative
process continues until certain criteria are met.

4. Simulation tests of optimized actuator trajectories

The optimization is carried out over the time interval topt = [t0,
tf] = [1, 2.9] for four different cost functions characterized by the
following weights:

Case1 : kss = 1, kq = 100, kˇN = 1;

Case2 : kss = 1, kq = 1, kˇN = 100;

Case3 : kss = 100, kq = 1, kˇN = 1;

Case4 : kss = 50,  kq = 10, kˇN = 5.

All the actuator values at the initial time t0 are fixed. The ion
cyclotron in this work is not optimized. Instead, a suitable ion
cyclotron power evolution is extracted from experiments relevant
to the scenario of interest. The vector of to-be-optimized parame-
ters is then given by

+ = [Pnbi1(1.5),  Pnbi1(2), Pnbi1(2.5),  Pnbi1(2.9),  Pnbi2(1.5),

Pnbi2(2), Pnbi2(2.5),  Pnbi2(2.9),  Plh(1.5),  Plh(2),

Plh(2.5),  Plh(2.9), Ip(1.5),  Ip(2.9)].

(26)

The optimized actuator trajectories and constraints are shown
in Fig. 1. It can be seen that no constraint is violated. The opti-
mized actuator trajectories are tested through simulations using
the model proposed in Section 2. The comparisons between the tar-
get profiles and model-predicted profiles based on the optimized
actuator trajectories are shown in Fig. 2. It can be seen from the fig-
ure that ˇN is well below ˇlim

N , which is set to 2 in this optimization.
Also, it can be seen that under the same actuator constraints, the q
and ˇN evolutions are sensitive to the selected weights in the cost
function. Besides weight selection, the outcome of the optimization
procedure depends heavily on the quality of the prediction model
and the chosen actuator parameterization.
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Fig. 1. Optimized actuator trajectories and physical constraints: (a) total plasma current, (b) first NBI power, (c) second NBI power, (d) lower hybrid wave power, (e) qmin vs.
qlim

min, and (f) Greenwald density constraints vs. n̄e (note that the same n̄e is prescribed for all cases).

Fig. 2. Simulation-based testing of optimized actuator trajectories: (a and b) time evolution of q in the plasma core ( !̂ = 0.1 and !̂ = 0.2), (c) evolution of ˇN , and (d–f)
difference between actual and target q-profiles at different times.

5. Conclusions and future work

In this paper, a model-based actuator trajectory optimization
problem has been formulated and solved by applying sequential
quadratic programming. The optimized actuator trajectories have
been successfully tested in simulations. Our future work includes
experimental testing of the optimized actuator trajectories in EAST,
followed by an assessment on the need of refining the prediction

model. The use of a heat transport equation could be evaluated as
a means of improving the model accuracy. However, the design
of optimized feedforward trajectories does not take into account
mismatches between the plasma system and the model, which is
never perfect. Moreover, unpredictable disturbances can affect the
plasma in real time. Therefore, in practice the feedforward control
solution always need to be complemented by a feedback controller
[7].
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