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Rates of Convergence in a Class of Native
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Abstract—This letter studies convergence rates for some
value function approximations that arise in a collection of
reproducing kernel Hilbert spaces (RKHS) H(�). By casting
an optimal control problem in a specific class of native
spaces, strong rates of convergence are derived for the
operator equation that enables offline approximations that
appear in policy iteration. Explicit upper bounds on error in
value function and control law approximations are derived
in terms of power function PH,N for the space of finite
dimensional approximants HN in the native space H(�).
These bounds exhibit a distinctive geometric nature, refine
and build upon some well-known, now classical results
concerning the convergence of approximations of value
functions.

Index Terms—Reinforcement learning, optimal control,
reproducing kernel.

I. INTRODUCTION

CONSIDER a nonlinear system that is governed by the
ordinary differential equations

ẋ(t) = f (x(t))+ g(x(t))u(t), x(0) = x0, (1)

where x(t) ∈ R
n is the state, u(t) ∈ R

m is the input, and
f : R

n → R
n, g : R

n → R
n×m are known functions. We

assume f (0) = 0 and are interested in a regulation problem
that drives this system to the origin.

We seek an admissible state feedback function μ : x �→
μ(x) that can stabilize the system presented above. Often, we
restrict consideration to feedback functions μ that leave some
subset of interest � positive invariant. In addition to stabilizing
the system, a feedback function must then be continuous on
� and satisfy μ(0) = 0 to consider it admissible on the subset
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� of the state space. The cost associated with an admissible
control policy μ is consequently defined as

Vμ(x0) =
∫ ∞

0
r(x(τ ), μ(x(τ )))dτ, (2)

where r(x, μ) = Q(x) + μTRμ, Q(x) is a positive defi-
nite function and R is a symmetric positive definite matrix.
Assuming that the function Vμ(x) : x → Vμ(x) is continuously
differentiable, we can write down its differential Lyapunov-
like equation in terms of the Hamiltonian as

H(x, μ,∇V)

:= (f (x)+ g(x)μ(x))T∇Vμ(x)︸ ︷︷ ︸
:=(AVμ)(x)

+r(x, μ(x)) = 0 (3)

where ∇ denotes the gradient operator. The goal of optimal
control is to choose a control policy μ∗ such that Vμ∗(x0) is
minimized. The function Vμ∗ is commonly referred to as the
value function. Standard optimal control analysis [1], [2], [3]
shows that the value function satisfies the Hamilton-Jacobi-
Bellman (HJB) equation

0 = minμ∈M(�)H(x, μ,∇Vμ∗), (4)

which is equivalent to 0 = H(x∗, μ∗,∇Vμ∗), where μ∗
is given by μ∗ = − 1

2 R−1gT∇Vμ∗ , and x∗ is the optimal
trajectory generated by μ∗. Once the HJB equation is solved
for the optimal value function, the optimal controller can be
found using this equation for μ∗.

In general, the HJB equation is a nonlinear partial differ-
ential equation that is difficult to solve, and the technical
literature that studies this problem is vast. Among this col-
lection of work, a few “now-classic” papers related to the
study of Galerkin approximations are particularly relevant to
this letter. These include the notable early efforts in [4], [5].
The highly cited work in [6] builds on the earlier work on
Galerkin approximations to handle saturating actuators, which
is subsequently used to form the theoretical foundation in [7]
and many subsequent works [3], [8], [9], [10].

The treatises [3] and [10] give excellent accounts of the
theory for reinforcement learning (RL) methods, and recent
surveys include [8], [9]. One popular method of approxi-
mating the solution of the HJB equation is the actor-critic
method. It entails an iterative approach of approximating the
value function using the critic, then the actor uses the value
approximation to get a control policy estimate, and the process
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repeats. A second common method is policy iteration (PI),
which requires full knowledge of the system dynamics but
allows an offline calculation of the optimal control law. The
effectiveness of both methods relies on the convergence of the
estimates of the value function. Recent works, such as [8],
[11], [12], [13], have explored iteration convergence rates in
terms of the iteration number but do not consider the explicit
effects of approximation error on performance.

This letter explores the effects of approximation error, and
derives bounds on the error between the estimates of the value
function and the corresponding control law. These bounds are
explicit in terms of the number of bases N used, and the
geometric placement of centers that determines the bases.

A. Summary of New Results

As is often carried out in RL [3], [10], we can motivate
this letter strategy by recalling the structure of PI. When
the feedback function μi is known, we define the differential
operator A to be given by (Av)(x) := (f (x)+ g(x)μ(x))T∇v(x)
and b(x) = −r(x, μ(x)). We then define vi as the solution to
the partial differential equation

(Avi)(x) = b(x) := −r(x, μi(x)), (5)

vi(0) = 0.

When vi is determined from the above equation, we can
subsequently define a new feedback law μi+1 from the identity

μi+1(x) = −1

2
R−1gT(x)∇vi(x). (6)

Setting i → i + 1 and repeating these steps generates
a sequence of iterates {(μi, vi)}i∈N that approximate the
optimal functions μ∗ and V∗ that satisfy the HJB equa-
tions [1], [3], [6].

This letter derives rates of convergence for approximations
of the solution v of the partial differential equation Av =
b, defined in (5), for a given μ(x). It also provides rates
of convergence for the controller μi+1 approximation error
generated by the PI method. Under the hypothesis that the
solution v ∈ H, where H is a reproducing kernel Hilbert space
(RKHS), we describe precise conditions on the reproducing
kernel K associated with H that ensures

‖v − vN‖H ≤ O

(
sup
x∈�

√
K(x, x)− KN(x, x)

)
.

In the above inequality, vN is an approximate solution con-
tained in the finite dimensional space HN := span{K(·, ξi) ∈
H | ξi ∈ �N} determined by the N centers �N :=
{ξ1, . . . , ξN} ⊂ �. In this equation KN is the known reproduc-
ing kernel of HN . We emphasize the following:

1) The above bound makes explicit the relationship of the
center locations �N to the error in solutions of the
operator equation.

2) For some popular kernels it is possible to bound the
above expression in terms of the fill distance h�N ,� :=
supx∈� infξi∈�N ‖x − ξi‖ of centers �N in the set �,

‖v − vN‖H ≤ O(hs
�N ,�

),

where s is a parameter that measures the regularity
of the kernel K. Thus, the rate of convergence of the
approximation error depends on the smoothness of the

basis and the geometric distribution of the centers in
�N ⊂ � that define the basis.

II. THEORETICAL FOUNDATIONS

A. Symbols and Definitions

In this letter R and R
+ are the real numbers and nonnegative

real numbers, respectively. The non-negative integers are
denoted N0, while the positive integers are N. When U,V are
normed vector spaces, L(U,V) is the normed vector space
of bounded linear operators from U to V , and we just write
L(U) for L(U,U). The range of an operator T is denoted R(T)
and the nullspace of T is written N(T). The Lebesgue spaces
Lp(�) are equipped with the usual norms

‖f ‖Lp(�) :=
{(∫

�
|f (x)|pdx

)1/p 1 ≤ p < ∞,

ess sup{|f (x)| | x a.e. in �} p = ∞.

B. Reproducing Kernels and Native Spaces

A real-valued native space, denoted as H(�) over a set �,
is defined using a reproducing kernel K(·, ·) : � × � → R.
This kernel, a Mercer kernel, is continuous, symmetric, and
of positive type, which means that for any collection �N ⊂ �

of N points, the Gramian matrix K(�N, �N) := [K(ξi, ξj)] ∈
R

N×N is positive semidefinite. Once such a kernel is selected,
the native space H(�) is defined as the closed linear span of
the kernel sections Kx(·) := K(x, ·),

H(�) := span{Kx | x ∈ �}. (7)

A few properties of the evaluation functional
Ex : H(�) → R play a particularly important role in this letter.
By definition, the evaluation functional satisfies Exf := f (x)
for all f ∈ H(�), and it is a bounded operator from H(�) →
R. Every native space satisfies the reproducing formula that
connects the evaluation functional to inner products via Exf =
f (x) = (f ,Kx)H for all f ∈ H(�), x ∈ �. Moreover, since Ex
is a bounded operator, its adjoint E∗

x := (Ex)
∗ : R → H(�)

is also a bounded linear operator. It is given by the formula
E∗

xα := Kxα for all α ∈ R, x ∈ �.
In this letter, we always assume that the kernel K(·, ·) is

bounded on the diagonal. That is, it is assumed that there is a
K̄ > 0 such that K(x, x) ≤ K̄2 for all x ∈ �. This ensures that
all the functions in H(X) are bounded, and that the evaluation
operator Ex is uniformly bounded ‖Ex‖ ≤ K̄ for all x ∈ �,
and that we have the continuous embedding H(�) ↪→ C(�).
Many popular kernels are bounded on the diagonal including
the exponential, inverse multiquadric, Wendland, and Sobolev-
Matérn kernels [14].

1) Derivatives in Native Spaces: When K is a Mercer
kernel, having smoothness K ∈ C2s(� × �) with s ∈ N,
that defines the native space H(�), it is possible to express
the action of the partial derivative operator Dα on functions
in H(�) in terms of the partial derivatives of the kernel.
Suppose we fix y and are interested in partial derivatives with
respect to x. To compute partial derivatives of the kernel,
we interpret a multiindex α = (α1, . . . , αd, αd+1, . . . , α2d) ∈
N

2d
0 as having all zeros in the last d entries, so that α :=

(α1, . . . , αd, 0, . . . , 0) ∈ N
2d
0 and(

DαK
)

x(y) := (DαK)(x, y)

:= ∂ |α|

∂xα1
1 , . . . , ∂xαd

d

K(x1, . . . , xd, y1, . . . , yd) ∀x, y ∈ �.
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Reference [15, Th. (1)] specifies necessary conditions for the
kernel, which entail it being a Mercer kernel that is sufficiently
smooth, to prove that the derivative operator is a bounded
operator on the native space and is vital to proving the results
of this letter. Specifically, under the hypotheses described in
the theorem, we have (Dαh)(x) = ((DαK)(x, ·), h)H(�) =
(Dαx K, h)H(�) for all x ∈ �, h ∈ H(�) and

∑
αi ≤ s.

2) Approximation in Native Spaces: To approximate func-
tion in H(�), we define HN := span{Kξi | ξi ∈ �N} ⊆
H(�) the space of approximants constructed using kernel
sections defined in terms of the N locations �N ⊂ �. Let 	N
be the H(�)-orthogonal projection onto HN . It is known that
we have the general bound

εN,f (x) := |Ex(I −	N)f | ≤ PH,N(x)‖f ‖H(�)

for all f ∈ H(�) and x ∈ �, where the power function PH,N(x)
is defined by PH,N(x) := √

K(x, x)− KN(x, x) for all x ∈ �.
The kernel KN(·, ·) is the reproducing kernel of HN with

KN(x, y) := (	NKx,	NKy)H(�)

= KT
�N
(x)K−1(�N, �N)K�N (y), (8)

where K�N (·) = [
Kξ1(·) · · · Kξn(·)

]T. This expression is
used in a few different places in this letter.

III. OFFLINE APPROXIMATION IN A NATIVE SPACE

A. The Operator Framework in a Native Space

We carry out value function approximation and subsequent
analysis by first posing (3) as an operator equation. We define
the differential operator A as

(Av)(x) := (f (x)+ g(x)μ(x))T∇v(x) for all x ∈ �,
whenever v is sufficiently smooth. Note that the operator ∇ in
the above equation is defined in the usual way, with

∇f :=
(
∂f

∂x1
, . . . ,

∂f

∂xd

)T

:= (De1 f , . . . ,Ded f
)T
,

where Dα(·) is defined in Section II-B1 for any multiindex
α ∈ N

d
0 and ek is the canonical multiindex obtained by setting

the kth entry to one and all other entries to zero. The next
theorem expresses some mapping properties of the operator A
essential to our approximation schemes below.

Theorem 1: Let the hypotheses of [15, Th. 1] hold and
further suppose that μ and fi, gi for 1 ≤ i ≤ d are multipliers
for H(�). Then

1) The operator A : H(�) → L2(�) is bounded, linear, and
compact.

2) The adjoint operator A∗ : L2(�) → H(�) has the
representation

(
A∗h
)
(y) :=

∫
�

(∇xK(y))
T(f (x)+ g(x)μ(x))h(x)dx

:=
∫
�

�∗(y, x)h(x)dx

for any y ∈ � and h ∈ L2(�).
3) Considered as an operator A∗ : L2(�) → H(�), the

operator A∗ is compact.
Proof: The proof can be found in [16].

As discussed in Section I, PI is based on the recursive
solution of the operator equation Av = b ∈ L2(�). If b ∈ R(A),
the above equation has a solution, and if N(A) = 0, it is
unique. In any case the operator (A|N(A)⊥)−1 : R(A) → N(A)⊥
is well-defined. However, the operator (A|N(A)⊥)−1 : N(A)⊥ →
(R(A),L2(�)) is not bounded in general since A : H(�) →
L2(�) is compact. This complicates approximations.

A common way to approximate the solution of such an
equation is to seek the minimum v∗ ∈ H(�) of the offline
optimization problem

v∗ = argminv∈H(�)J(v) := 1

2
‖Av − b‖2

L2(�)
. (9)

When we rewrite the cost functional in the form

1

2
‖Av − b‖2

L2(�)

= 1

2
(A∗Av, v)H(�) − (v,A∗b)H(�) + 1

2
(b, b)L2(�),

we can calculate its Frechet derivative DJ(v) : H(�) → H(�)
that satisfies

(DJ(v),w)H(�) := (A∗Av − A∗b,w)H(�) = (A∗Aṽ,w)H(�)

for all directions w ∈ H(�), with Aṽ := Av − b. Therefore, a
minimizer satisfies the operator equation A∗Av = A∗b, or

Av = y (10)

where A = A∗A : H(�) → H(�) and y = A∗b ∈
H(�). Offline approximations of the solution of the above
operator equation can be interpreted as approximations of
the pseudoinverse solution V∗ := A†b ≡ (A∗A)−1A∗b. The
pseudoinverse operator A† is well-defined since A is self-
adjoint, compact, and nonnegative [17].

B. Offline Approximations

Operator equation (10) is defined in terms of the bounded,
linear, compact operator A : H(�) → R(A∗) := W(�) ⊆
H(�) ⊂ L2(�). Since y = A∗b ∈ R(A∗) := W(�), (10)
always has a solution. It will be unique if A is injective, and
in this case A−1 is a well-defined operator. However, when
A−1 exists it is generally not a bounded operator.

Here we assume that bases used for approximation are
defined in terms of kernel sections located at the N centers
�N := {ξ1, . . . , ξN} ⊂ �. We define the finite dimensional
spaces of approximants

HN := span{Kξi(·) := K(·, ξi) | ξi ∈ �N} ⊂ H(�),

LN := span{�ξi(·) := �(·, ξi) | ξi ∈ �N} ⊂ L2(�),

WN := span{wξi(·) | ξi ∈ �N} ⊂ W(�) := R(A∗).

We define �(x, y) := �∗(y, x), where l∗(y, x) is defined in
Theorem 1. From this definition, we have �ξi(x) := (AKξi)(x).
So these bases satisfy the relations �ξi = AKξi , and wξi =
A∗�ξi = A∗AKξi . We denote by 	N : H(�) → HN the projec-
tion of H(�) onto HN . We define the Galerkin approximation
vN ∈ HN of the solution v ∈ H(�) of (10) to be given by
vN := (	NA|HN )

−1	Ny := GNy. This is equivalent to the
variational equations
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(AvN − y,Kξi

)
H(�) = 0 or,(

A∗AvN − A∗b,Kξi

)
H(�) = 0 for 1 ≤ i ≤ N.

It is also worth noting that the Galerkin solution vN above
coincides with the Galerkin approximation of Av = b in

(
AvN − b, �ξi

)
L2(�)

= 0 for 1 ≤ i ≤ N.

C. Coordinate Realizations

The study of the rates of convergence of the above approxi-
mations utilize coordinate representations of the operators. We
need representations of the operator A∗A:H(�) → H(�). For
A∗A we have

(A∗Av)(y) :=
∫
�

�∗(y, x)(�∗(·, x), v)H(�)dx.

=
∫
�

(
∇xK(x, y)Tψ(x)ψ(x)T∇xK(x, ·), v

)
H

dx,

where ψ(x) := f (x)+ g(x)μ(x).
The representation of the operators A∗A can now be used

to determine the coordinate representations of the Galerkin
approximations above. Define the matrix


(x, �N) :=

⎡
⎢⎢⎣
∂K(x,ξ1)
∂x1

· · · ∂K(x,ξN )
∂x1

...
...

∂K(x,ξ1)
∂xd

· · · ∂K(x,ξN )
∂xd

⎤
⎥⎥⎦ ∈ R

d×N .

Then for any two functions vN,wN ∈ HN with vN :=∑N
j=1 αjKξj and wN :=∑N

k=1 βkKξk , we have
(
A∗AvN,wN

)
H(�)

= βT
(∫

�


(x, �N)
Tψ(x)ψ(x)T
(x, �N)dx

)

︸ ︷︷ ︸
[
∫
�∗(x,ξi)�(x,ξj)dx]

α (11)

with α := [α1, . . . , αN]T ∈ R
N , β := [β1, . . . , βN]T ∈ R

N .

D. Offline Rates of Convergence

Theorem 2: Let the hypothesis of Theorem 1 hold, and
suppose that the unknown value function v satisfies the
regularity condition v = Kq for some fixed q ∈ L2(�)

where K : L2(�) → H is the integral operator v(x) =∫
�
K(x, η)q(η)dη, and that the choice of centers �N ensures

that an ideal “offline” persistence of excitation (PE) condition
holds for the offline Galerkin approximations above. That is,
there is a constant β(N) > 0 such that

β(N)IN ≤
∫
�


(x, �N)
Tψ(x)ψ(x)T
(x, �N)dx

where IN is the identity matrix on R
N . Then the solution vN

of the Galerkin equations exists and is unique for all N ∈ N.
If the Galerkin method is convergent, then there is a constant
C > 0 such that the solution vN satisfies the error estimate

‖v − vN‖H(�) ≤ C sup
ξ∈�

PH,N(ξ)‖v‖H(�)

= C sup
ξ∈�

√
K(ξ, ξ)− KN(ξ, ξ)‖K−1v‖L2(�).

Proof: When we write vN := ∑N
j=1 αiKξi , the Galerkin

approximations give rise to the matrix equations

[∫
�


(x, �N)
Tψ(x)ψ(x)T
(x, �N)dx

]
α =

⎧⎪⎨
⎪⎩
(A∗b)(ξ1)

...

(A∗b)(ξN)

⎫⎪⎬
⎪⎭

=
∫
�


(x, �N)
Tψ(x) bdx (12)

with α = [α1, . . . , αN]T ∈ R
N . The representation in (11)

makes clear that the offline PE condition ensures that the
coefficient matrix is invertible. Also, the operator GNA :=
(	NA|HN )

−1	NA is a projection onto HN since for any pN ∈
HN , we have

GNApN = (	NA|HN )
−1	NA|HN pN = pN .

From the triangle inequality we have the pointwise bound

‖v − vN‖H ≤ ‖v − GNApN‖H + ‖GNApN − GNAv‖H

≤ ‖v − pN‖H + ‖GNA(v − pN)‖H

≤
(

1 + C̃
)
‖v − pN‖H

for any pN ∈ HN . In this inequality we have used the fact
that in a convergent Galerkin scheme the matrix GNA is
uniformly bounded in N: there is a constant C̃ > 0 such
that ‖GNA‖ ≤ C̃ for all N > 0 [18]. We choose pN :=
	Nv. The theorem now follows from the characterizations of
projection/interpolation errors in terms of the power function
in a native space discussed in Section II-B2. We have

‖v − vN‖H ≤
(

1 + C̃
)
‖(I −	N)v‖H

≤
(

1 + C̃
)
‖PH,N‖L2(�)‖q‖L2(�).

The last line stems from the proof of Theorem 11.23 in [14,
Sec. 11.5]. Alternatively, we have

‖v − vN‖H ≤
(

1 + C̃
)√|�| sup

ξ∈�
PH,N(ξ)‖q‖L2(�)

for all v = Kq with q ∈ L2(�).
Observations: We make several observations about how the

result above compares to existing results.
(1) We say that the offline PE condition in Theorem 2

is ideal since it involves the integration over � that cannot
usually be carried out in closed form.

(2) It is important to allow that the constant β(N) in the
offline PE condition above depends on the dimension N. This
form of the PE condition could alternatively be written as

β̂(N)‖v‖2
H(�) ≤ (A∗Av, v

)
H(�) for all v ∈ HN

for another constant β̂(N) that depends on N. But we know
that A∗A : H(�) → H(�) is compact from Theorem 1 above.
If the PE condition above holds for a constant β̂ that does not
depend on N, we could conclude that (A∗A)−1 is a bounded
linear operator. But since A∗A is compact, this is only true
when H(�) is finite dimensional.

(3) The right hand side in the above error bound is explicit
since we know KN as given in (8).

(4) Using normalized regressors is popular practice, as
summarized in [3], [10]. This is useful when regressors may be
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unbounded, such as when using polynomial regressors [6], [7].
For the sake of obtaining simple analysis and error bounds, we
do not use the normalized form. Here, regressors are always
bounded when H(�) is defined in terms of a kernel K(·, ·)
that is bounded on the diagonal. We also assume that the
controller μ that is implicit in the operator equation Av = b
generates a trajectory that lies in the compact set �. Again,
this choice is made for illustrating strong error bounds in the
simplest possible form. For some standard kernel spaces, the
error bounds in Theorem 2 can alternatively be bounded from
above in terms of the fill distance h�N ,� of centers �N in �,
which is defined in Section I-A.

Corollary 1: Let the hypothesis in Theorem 2 hold and
further suppose that the kernel K that defines H is given as
in [14, Table XI.1] or [19, Table I]. Then if the domain � is
sufficiently smooth, we have

‖v − vN‖H ≤ O

(√
F(h�N

))

for a known function F defined in [14, Table II.1] or [19,
Table I].

Proof: The proof can be found in [16].
For instance, for the Sobolev-Matérn kernels of smoothness

r > 0, as used in the numerical examples, we have

‖v − vN‖L∞(�) ≤ ‖v − vN‖H ≤ O
(

hν−d/2
�N

)
, (13)

where ν is a smoothness parameter and d is the dimension of
the space in which � is contained. Thus, the approximation
error converges at a rate that is bounded above by the fill
distance raised to the smoothness parameter. The following
theorem links the value approximation error with the controller
approximation error.

Theorem 3: Under the same assumptions in Theorem 2 and
Corollary 1, for the next estimate μi+1,N of the control policy
iteration μi+1 in equation (6), we have

‖μi+1,N − μi+1‖C(�) ≤ γ ‖vi,N − vi‖H ≤ O

(√
F(h�N

))
, (14)

where γ is a constant that depends on the kernel choice and
the set of centers.

Proof: The proof can be found in [16].

IV. NUMERICAL SIMULATIONS

In this section, we consider the nonlinear system in [7]:

ẋ = f (x)+ g(x)u, x ∈ R2

where

f (x) =
[ −x1 + x2

−0.5x1 − 0.5x2
(
1 − (cos(2x1)+ 2)2

)
]

g(x) =
[

0
cos(2x1)+ 2

]

Using the typical cost function J associated with the linear
quadratic regulator problem, we choose R = 1 and Q = I2, that
is, the 2 × 2 identity matrix. With this cost function, the value
function is V∗(x) = 0.5x2

1 + x2
2, and the optimal control policy

is u∗(x) = −(cos(2x1)+2)x2. The simulations presented in [7]
use polynomial bases whose finite dimensional span contains

Fig. 1. The estimated and ideal value functions over the spatial domain.

Fig. 2. Plot depicting the value function approximation error decay
for Gaussian and Matérn kernels. The linear segments in the plot
correspond to fitting a straight line to the logarithm of the data.

Fig. 3. In this plot, the PI algorithm was used to calculate the error
between the estimated û(x) and optimal u(x) for different fill distances.

the unknown value function. Here, we use the RKHS bases
to illustrate the theoretical results of this letter. Certainly, the
theoretical bounds extend to cases where the value function is
not spanned by a finite number of polynomial bases functions.
Using (12) and a quadrature approximation, we solve for the
coefficients α.

Then, the value function is approximated using vN :=∑N
j=1 αiKξi , with Gaussian and Matérn kernels as defined

in [20]. The simulations utilized routines provided in [21] for
kernel based computations. The ideal control law is assumed
to be known and is employed in this approximation. Our
primary focus is to assess the accuracy of the value function
approximation in an offline manner and to validate expected
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Fig. 4. A geometric representation of the error with centers. Errors are
consistently smaller at the centers and larger away from the centers.

Fig. 5. Power function plot with the centers, and a depiction of where
a candidate center, to be augmented, may be chosen based on the
maximum of the power function over the domain.

convergence rates. As shown in Fig. 1, the approximated value
function closely matches the optimal one. In Fig. 2, we see
that as we decrease the fill distance (increase the number of
centers), the approximation error decays as expected. Recall
that the presented theoretical results apply to kernels of C2s

smoothness, which means it applies to the case with ν = 5/2
only (refer to [20]). This is validated by the fact that the line
corresponding to ν = 5/2 in the figure is steeper than the
theoretical upper bound described in (13).

Now, we begin with a stabilizing controller μ(x) and apply
PI to approximate the optimal controller. Matérn kernel with
ν = 5/2 is used in these simulations. Furthermore, Fig. 3
shows the error between the ideal controller and the estimated
controller is displayed for different fill distances. Again, the
rate of error decay respects the limit predicted by (14). Fig. 4
is a geometric representation of the controller error plotted
alongside the distribution of the centers. It is noteworthy that
the error is generally smallest at the centers, and largest away
from them. Based on the results of Theorem (3), one method
to increase the number of bases adaptively is to position the
next center at a location where the power function is largest.
In Fig. 5, the power function and a candidate new basis are
plotted with the centers.

V. CONCLUSION

In conclusion, this letter studies convergence rates for value
function approximations that arise in a collection of RKHS.
These rates can help in scenarios such as determining the
placement of basis functions to achieve a required accuracy.
These rates can also serve as the foundation for studies on rates
of convergence for online actor-critic and RL methods. Future
directions include developing bases adaption techniques based
on the presented error estimates.
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