
NONLINEAR BACKSTEPPING CONTROL FOR THE FUEL
DIFFUSION LAG IN FUSION REACTORS1

EugenioSchuster
�

Mir oslav Krsti ć
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Abstract:Control of plasmadensityandtemperaturemagnitudes,aswell as their profiles,
areamongthe most fundamentalproblemsin fusion reactors.Existing efforts usecontrol
techniquesbasedon linearizedmodels.In this work, a zero-dimensionalnonlinearmodel
involving approximateconservationequationsfor theenergy andthedensitiesof thespecies
wasusedto synthesizea nonlinearfeedbackcontrollerfor stabilizingtheburnconditionof a
fusionreactor. Themodeladdressestheissueof thelagdueto thefinite timefor thefreshfuel
todiffuseinto theplasmacenter. Nonlinearbacksteppingis usedtodealwith thisimposedlag.
In thiswaywemakeourcontrolsystemindependentof thefuelingsystemandthereactorcan
befedeitherby pelletinjectionor by gaspuffing.Thecontrollerexhibitsexcellentproperties
of robustnessandtheboundnessof thestatevariablesis guaranteedfor a largesetof values
of the lag constant.In additionthe nonlinearcontrollerproposedguaranteesa muchlarger
regionof attractionthanthepreviouslinearcontrollers,it is capableof rejectingperturbations
in initial conditionsleadingto both thermalexcursionandquenching,andits effectiveness
doesnotdependonwhethertheoperatingpoint is anignition or a subignitionpoint.

Keywords:Nuclearreactors,nonlinearcontrol,Lyapunov stability.

1. INTRODUCTION

Economicalandtechnologicalconstraintssometimes
requirethefusionreactorsto operatein a zoneof low
temperatureandhighdensitywherethethermonuclear
reactionis inherentlythermallyunstable.For low tem-
peratures,therateof thermonuclearreactionfor a D-
T mixture increasesasthe plasmatemperaturerises.
In this thermally unstablezone,a small increaseof
temperatureleadsto an increaseof power which re-
sultsin thermal excursion. On theotherhand,a small
decreaseof temperatureleadsto a decreaseof power
andquenching.

1 Thiswork wassupportedby agrantfrom NSF.

Activeburncontrolis oftenrequiredto maintainnear-
ignited or ignited conditions(Auxiliary power � 0).
Theobjectiveof thecontrolleris to keeptheplasmaat
adesiredequilibriumor operatingpoint;rejectingper-
turbationsin initial conditionsandforcing theplasma
backto theequilibrium.

The commondenominatorof existing works is the
approximationof the nonlinearmodel of the fusion
reactor by a linearized one and generally the use
of only one amongthe actuationconcepts(single-
input control). Schuster, Krstic and Tynan (Schuster
et al., 2001)have proposedrecentlya new approach
basedon a full nonlinearmodel that is able to sta-
bilize thesystemagainstlargeperturbationsin initial
conditions,canwork aswell for suppressingthermal
excursionsasfor preventingquenchesandcanoperate



both at subignitionor ignition points. Nevertheless,
the issueof the lag introducedby thediffusionof the
freshfuel into theplasmawasnotconsidered.Forburn
controlpurposeswe canmentionmainly two typesof
fuelingsystems:pelletinjectionandgaspuffing.Pellet
injectionis abetteractuatorin thesensethatits neutral
fuel transportationtime is shorter. However, it is also
technicallymorecomplex. Thistechnicalaspectof the
burncontrolproblemforcesusto modify themodelin
orderto introducetheeffect of the lag dueto thedif-
fusionof thefreshfuel into theplasma.We introduce
a new tool suchasnonlinearbacksteppingthatallows
us to handlethe lag imposedby the actuatorwithout
any kind of furtherapproximationof themodel.

Over the years,the physical and technologicalfea-
sibility of differentmethodsfor controlling the burn
conditionhave beenstudied(MandrekasandStacey,
1990;Haney et al., 1990;Andersonet al., 1993).As
wewanttowork ataignitedpoint(P̄aux � 0) or tohave
thecapabilityof rejectinga largesetof perturbations
in theinitial conditionswhenworking at a subignited
point (P̄aux

� 0), we considerthecontrolledinjection
of impurities as an actuatorin addition to the aux-
iliary power and fueling rate modulations.Towards
this end, the model usedin (Schusteret al., 2001)
is modified here modeling the power lossesdue to
the line and recombinationradiationsin addition to
the bremsstrahlungradiation.In this way we are no
longer restrictedto work only with low Z impuri-
ties. In addition, in order to achieve stability with a
lessdemandinginjectionof impurities,we combinea
singularperturbationapproach(Schusteret al., 2001)
with a passivity approachfor thedesignof thecontrol
law for theinjectionof impurities.

The paperis organizedas follows. In Section2 the
modelof our plant is stated.In Section3 the control
objectivesarepresentedandthe control laws for the
differentactuatorsaresynthesizedin Section4 for the
stabilizationof thedeviationstatevariables.Section5
makesapresentationof thesimulationresults.Finally,
the conclusionsand somesuggestionsabout future
work arepresentedin Section6.

2. MODEL

In thiswork weuseazero-dimensionalmodelfor afu-
sion reactorwhich employs approximateparticleand
energy balanceequations.The alpha-particlebalance
is givenby

dnα
dt
��� nα

τα

�	� nDT

2 
 2 �
σv � (1)

wherenα andnDT arethealphaanddeuterium-tritium
(DT) densitiesrespectively, andτα is theconfinement
time for the alphaparticles.This approximatemodel
implies that the3.52MeV alphaparticlesslow down
instantaneously, depositingtheir energy in the flux
surfacewhere they are born, which is a reasonable
approximationfor reactor-sizetokamaks.A first order
lag is introducedto take into accountthe diffusion

time for neutralfuel atomsto transportinto the toka-
mak core. This lag runs from the start of the fuel
injectionto thechangein deuterium-tritium(DT) ion
particle density. The set of equationsgoverning the
neutralatombalanceandthe deuterium-tritium(DT)
fuel particlebalanceis givenby

dnDT

dt
�
� nDT

τDT

� 2
� nDT

2 
 2 �
σv � � nn

τd
(2)

dnn

dt
�
� nn

τd

�
S (3)

wherenn is theneutraldensity, S (input) is therefuel-
ing rate(50:50D-T), τDT is theconfinementtime for
thefuelparticlesandτd is thedelaytime.Theimpurity
presenceis determinedby thebalanceequation

dnI

dt
��� nI

τI

�
SI (4)

wherenI is theimpurity density, τI is theconfinement
time for the impurity particlesand SI (input) is the
impurity injection rate.The energy balanceis given
by

dE
dt
�	� E

τE

��� nDT

2 � 2 � σv � Qα
� Prad

�
Paux (5)

whereE is the plasmaenergy, τE is the energy con-
finementtime, Qα � 3 � 52 MeV is the energy of the
alphaparticles,Paux (input) is theauxiliarypowerand
theradiationlossPrad is givenby

Prad
���Ab � nDT

�
4nα
�

Z2
I nI � T

1
2�

Al � 16nα
�

Z4
I nI � T � 1

2�
Ar
�
64nα

�
Z6

I nI 
 T � 3
2 � ne (6)

whereAb � 4 � 810� 37W m3 ��� KeV , Al � 1 � 810� 38

Wm3 � � KeV andAr � 4 � 110� 40W m3 � � KeV arethe
bremsstrahlung,line andrecombinationradiationco-
efficientsrespectively. TheDT reactivity � σv

� is a
highly nonlinear, positiveandboundedfunctionof the
plasmatemperatureT givenby�

σv � � exp
� a1

T r
�

a2
�

a3T
�

a4T 2 � a5T 3 � a6T 4 

and its constantparametersai and r are taken from
(Hively, 1977).No explicit evolution equationis pro-
videdfor theelectrondensityne sincewecanobtainit
from theneutralitycondition

ne
� nDT

�
2nα
�

ZInI

whereasthetotaldensityandtheenergy arewrittenas

n � nα
�

nDT
�

ne
�

nI
� 2nDT

�
3nα
���

ZI
�

1� nI

E � 3
2

nT � T � 2
3

E
2nDT

�
3nα
���

ZI
�

1� nI

The energy confinementscalingusedin this work is
ITER90H-P(Uckan,1994).Althoughnewer scalings
are available, this one, togetherwith the ITER con-
figurationused,allows the comparisonwith previous
linearcontrollersbasedonit. However, it will beclear
from the synthesisprocedurethat the resultscan be



extendedto thenewer scalings.It scaleswith plasma
parametersas

τE
� f 0 082I1 ! 02R1 ! 6B0 ! 15A0 ! 5

i κ � 0 ! 19
χ P � 0 ! 47 � kP � 0 ! 47 (7)

wheretheisotopicnumberAi is 2.5 for the50:50DT
mixture, the ITER machineparametersI, R, B and
κχ canbe obtainedfrom (Schusteret al., 2001)and
the factorscale f dependson theconfinementmode.
The isotopicnumber, factorscaleandITER machine
parameterscanbe rewritten asa constantk. The net
plasmaheatingpowerP is definedas

P � � nDT

2 
 2 �
σv � Qα

� Prad
�

Paux (8)

The confinementtimes for the different speciesare
scaledwith theenergy confinementtime τE as

τα
� kατE " τDT

� kDT τE " τI
� kI τE "

wherekα � 7 andkDT � 3. Sinceτd is relatedto the
finite time for thefreshfuel to diffuseinto theplasma
center, we alsoscaleit with the energy confinement
timeτE asτd � kdτE .

3. CONTROL OBJECTIVE

Thepossibleoperatingpointsof thereactoraregiven
by theequilibriaof thedynamicequations.Thevalues
of thevariablesattheequilibriumaredenotedbyabar.
An ignition point is characterizedby P̄aux � 0 while at
a subignitionpoint we have P̄aux

� 0. In this casewe
look for thoseoperatingpointswhereS̄I � 0 because
we are interestedin an operatingcondition free of
impurities.Thedensitystatevariablesn̄α # n̄DT # n̄n # n̄I,
energy statevariableĒ andinputsP̄aux, S̄ at theequi-
librium, are calculatedas solutionsof the nonlinear
algebraicequationsobtainedby settingthe left hand
sidesin equations(1) - (5) to zero when oneof the
plasmaparameterssuchasβ, for example,is chosen
arbitrarily.

Takinginto accountthat S̄I � 0 andn̄I � 0, we define
the deviations from the desiredequilibrium values
as ñα � nα $ n̄α, ñDT � nDT $ n̄DT , ñn � nn $ n̄n,
ñI � nI $ n̄I � nI

� 0, Ẽ � E $ Ē, P̃aux � Paux $ P̄aux,
S̃ � S $ S̄ and S̃I � SI $ S̄I � SI

� 0, we write the
dynamicequationsfor thedeviationsas

dñα
dt
��� ñα

τα

�
uα�	% ñDT

2 & 2 �
σv � � 1

2
ñDT n̄DT

�
σv � (9)

dñDT

dt
��� ñDT

τDT

� ñn

τd

�
uDT� 2

% ñDT

2 & 2 �
σv � � ñDT n̄DT

�
σv � (10)

dñn

dt
� S ' (11)

dñI

dt
��� ñI

τI

�
SI (12)

dẼ
dt
��� Ẽ

τE

�)( Ē
τE

��* � nDT

2 � 2 � σv � Qα
�

u +-, (13)

where

uα
�	� n̄α

τα

��� n̄DT

2 � 2 � σv � (14)

uDT
�	� n̄DT

τDT

� 2
� n̄DT

2 � 2 � σv � � n̄n

τd
(15)

S ' �	� ñn

τd

�
S̃ � n̄n

τd

�
S̄ ��� nn

τd

�
S (16)

u � Paux
� Prad (17)

The control objective is to drive the initial pertur-
bations in ñα # ñDT # ñn # ñI # Ẽ to zero using actuation
throughPaux, S andSI � S̃I

� 0. It is importantto note
thatin theignition case(P̄aux � 0) wehave P̃aux

� 0 as
aconstraint,wedonothavethepossibilityof modulat-
ing Paux in boththepositive andnegative senseaswe
have in thesubignitioncase(P̄aux

� 0). However, the
additionalactuatorSI � S̃I

� 0, althoughconstrained
in signby itself,helpsusto overcometheconstraintin
Paux.

All thestatesareassumedto beavailabefor feedback,
eitherby measurementor by estimation.

4. CONTROLLER DESIGN

We startby looking for a control which stabilizesẼ.
We chooseu suchthat

Ē
τE

��* � nDT

2 � 2 � σv � Qα
�

u + � 0 (18)

This means,after replacingu by its expression,that
wechoosePaux andPrad (nI) suchthat

Ē
τE

� � nDT

2 
 2 �
σv � Qα

� Prad
�

Paux
� P (19)

From theequilibriumequationfor theenergy E, 0 �$ Ē
τ̄E . P̄, andthecorrelationbetweentheenergy con-

finementscalingτE andthepower P givenby (7), we
realizethat the solution for equation(19) is P � P̄.
Therefore,the control strategy will be to adjustPaux

andnI to make P constantandequalto P̄ satisfying
equation(19)andreducingequation(12) to

dẼ
dt
��� Ẽ

τE

SinceτE
� 0, the subsystemẼ is exponentialstable.

The controller that implements(19) is synthesized
now in two steps:

First Step: We compute

Paux
� P̄ �)( � nDT

2 
 2 �
σv � Qα

� Prad , (20)

If Paux / 0 then we keepthis value for Paux and let
SI � 0.
If Paux � 0 thenwetakePaux � 0 andgoto theSecond
Step,

Second Step: Rememberingthat Prad is a functionof
nI, we look for theleastnI � n

�
I
� 0 suchthat

Ē
τE

�)( � nDT

2 
 2 �
σv � Qα

� Prad , � 0 (21)



Defining

n̂I
� ñI

� n 'I
f �
��( Ē

τE

�0( � nDT

2 
 2 �
σv � Qα

� Prad ,1,
SI
� n 'I

τI

�
S 'I

We canrewrite equations(12)–(13)as

dn̂I

dt
�
� n̂I

τI

�
S 'I (22)

dẼ
dt
�
� Ẽ

τE

�
f
�
n̂I " Ẽ " ñα " ñDT �  (23)

We take V � n̂2
I 2 Ẽ2

2 asthe Lyapunov function candi-
date,write f � n̂Iφ, whereφ is a continuosfunction
becausef 3 0 # Ẽ # ñα # ñDT 4 � 0, andcompute

V̇ ��� n̂2
I

τI

� Ẽ2

τE

�
n̂I 5 S 'I � Ẽφ � n̂I " Ẽ " ñα " ñDT �76 (24)

where ˙3 4 � d
dt 3 4 . We take

S 'I �	� Ẽφ � n̂I " Ẽ " ñα " ñDT � � KI n̂I " KI 8 0

SI
� n 'I

τI

� Ẽφ � n̂I " Ẽ " ñα " ñDT � � KI n̂I " (25)

whichgivesV̇ �9$;: 1
τI . KI < n̂2

I $ Ẽ2

τE
� 0.

If the potentialperturbationsin initial conditionsare
suchthatthey canberejectedonly by themodulation
of the auxiliary power Paux accordingto the control
law (20), we arein thecasewhereimpuritiesarenot
neededandSI � 0. In this case,P is alwaysequalto
P̄, equation(19) is alwayssatisfiedandconsequently
τE � τ̄E , τα � τ̄α, τDT � τ̄DT , τI � τ̄I andτd � τ̄d .

Wenotefrom eq.(12)thatñI is input-statestable(ISS)
(See(Khalil, 1996), section5.3) with respectto SI.
This ensuresthat ñI will be boundedaslong asSI is
bounded,and it will be exponentiallystableonceSI

becomeszero.

After stabilizing Ẽ using Paux and SI as controllers,
we must focus on equations(9) and (10) to achieve
stability for ñDT and ñα. We apply a backstepping
procedureto achieve stability of ñDT . Toward this
goal,westarttakingñn asthevirtual controlv,

dñDT

dt
�	� ñDT

τDT

� 2
� ñDT

2 � 2 � σv � � ñDT n̄DT
�

σv ��
uDT
� v

τd

since = 1
τDT . n̄DT � σv

�?> is positive,weexponentially
stabilizeñDT taking

v � α � nα " nDT " E � (26)� τd
( 2 � ñDT

2 � 2 � σv � � uDT ,� τd
( 2 � ñDT

2 � 2 � σv � � n̄DT

τDT

�
2
� n̄DT

2 � 2 � σv � � n̄n

τd
,

reducingin thisway equation(10) to:

dñDT

dt
��� ( 1

τDT

�
n̄DT

�
σv � , ñDT

Definingz � ñn $ α @	A ñn � z . α, wecanwrite

ż � ˙̃nn
� α̇ � S ' � α̇ (27)

TakingV � ñ2
DT
2 . z2

2 as the Lyapunov function can-
didate,from equations(10) and(27) andtaking into
accountourdefinition(26) for α wecancompute

V̇ � ñDT ˙̃nDT
�

zż� ñDT
( � % 1

τDT

�
n̄DT

�
σv � & ñDT� 2

% ñDT

2 & 2 �
σv � � uDT

� α � z
τd B � z � S ' � α̇��	� ( 1

τDT

�
n̄DT

�
σv � , ñ2

DT
�

z ( S ' � α̇ � ñDT

τd
,

Taking

S ' �	� KSz
� α̇ � ñDT

τd

�C� KS
�
ñn
� α � � α̇ � ñDT

τd
"

S �	� KS
�
ñn
� α � � α̇ � ñDT

τd

� nn

τd
(28)

with KS
� 0, wehave

V̇ ��� ( 1
τDT

�
n̄DT

�
σv � , ñ2

DT
� KSz2

�
0

andweachieveexponentialstabilityfor thesubsystem
ñDT -ñn.

To have a closedexpressionfor the control law (28)
for S, wecomputeα̇ as

α̇ � τ̇d
( 2 � ñDT

2 � 2 � σv � � n̄DT

τDT

�
2
� n̄DT

2 � 2 � σv � ,� τd
( � σv � ñDT ˙̃nDT

�
2
� ñDT

2 � 2 ˙
�

σv �� n̄DT

τ2
DT

τ̇DT
�

2
� n̄DT

2 � 2 ˙
�

σv �D, (29)

wherethetime derivativesarepropagatedandwritten
in termsof ṅα, ṅDT , ṅI andĖ which canbeobtained
from (9), (10), (12)and(13).

In orderto finish our stability analysis,we notefrom
equation(9) that ñα is ISS with respectto ñDT and
uα. Therefore,since ñDT is bounded(becauseit is
exponentially stable), and uα is bounded(because� σv � is a boundedfunctionandẼ is exponentially
stable),ñα will be boundedfor all time. In addition,
onceE convergesto Ē (Ẽ E 0), nDT convergesto n̄DT

(ñDT E 0) and nI convergesto n̄I � 0 this equation
reducesto

dñα
dt
��� ñα

τ̄α

�
u 'α " u 'α �C� n̄α

τ̄α

� % n̄DT

2 & 2 �
σv � (30)

Thefunction � σv � is a functionof T � 2
3

Ē
2n̄DT 2 3nα

,
once nI � ñI convergesto zero, and has a positive
derivative in the region of interest.Consequentlyu

�
α

has the samesign as $ ñα
τ̄α

and vanisheswhen ñα

vanishes( � σv � � � σ̄v � ) because0 �F$ n̄α
τ̄α .G

n̄DT
2 H 2 � σ̄v

� is theequilibriumequationfor nα. This
impliesexponentialstability for ñα.

5. SIMULATION RESULTS

In thissectiontheperformanceof thecontrollerstabi-
lizing theequilibrium(ignition)pointcharacterizedby



thosevaluesgiven in table1 is studiedthroughcom-
puter simulations.For all the simulationspresented
here,a scalefactor f � 0 � 85 for the energy confine-
ment time (7) have beenused. It should be noted
that our controller can be independentof kI with a
sufficiently largeKI , consequentlyit toleratesany size
of uncertaintyin this parameter. Thereforethechoice
of kI � 10canbeconsideredcompletelyarbitraryand
with theonly purposeof thesimulation.

T̄ Temperature 8  04 KeV
n̄e ElectronDensity 9  931019 m � 3

f̄α AlphaFraction 6  09%
β̄ Beta 2  65%
n̄α AlphaDensity 6  051018 m � 3

n̄DT DT Density 8  721019 m � 3

Ē Energy 3  72105 J  m � 3

P̄aux Auxiliary Power 0 W  m � 3

S̄ FuelRate 4  051018 m � 3  sec � 1

Table1. ITER Equilibriumpoint

Thecontrollerdesignedshows capabilityof rejecting
differenttypesof largeperturbationsin initial condi-
tions.A studywascarriedoutgeneratinginitial pertur-
bationsaroundtheequilibriumfor T andne andkeep-
ing the alpha-particlefraction fα : � nα

� ne equal to
thatof theequilibrium.Figure1 comparesits perfor-
mancewith othertwo controllerssynthesizedby linear
pole placement(Hui andMiley, 1992)andlinear ro-
bust(Bamiehet al., 1994)techniques,for a lineariza-
tion point very closeto our equilibriumpoint, which
usemainly thesamedynamicalmodelpresentedhere
but consideringonly thefuelingrateasactuator. While
theboundariesshown for thelinearcontrollersareab-
solute,for thenonlinearcontrollerthey only indicate
thelimits within whichweperformedour tests.
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Fig. 1. StabilityDomainComparison.

The good robustnessproperties of the controller
againstuncertaintiesin the parametersof the con-
finementtimes of the differentspecieswere already
presentedin (Schusteret al., 2001).However, wenow
needto study the robustnessagainstuncertaintiesin
the parameterkd . Figure2 shows the regionsof sta-
bility againstuncertaintyin the parameterkd , whose

nominalvalueis equalto 1, whenthe systemsuffers
perturbationsin theinitial temperature.Again, there-
gion shown for thenonlinearcontrolleris not a limit.
With the sole objective to show its performancewe
testedit againstuncertaintiesup to 400% and per-
turbationsfor initial T between $ 90% and 100%.
The plot comparesthe robustnessof the nonlinear
controllerwith othercontrollersynthesizedby linear
robusttechniques(Hui et al., 1994)for a linearization
point very closeto the equilibrium point considered
here.However, we have to mentiona differencebe-
tweenbothcontrollers;while thenonlinearcontroller
wassynthesizedherefor a nominalvalueof 1, thero-
bust linearcontrollerwassynthesizedfor thenominal
no-lagcase.
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Fig. 2. Robustnesscomparisonagainstkd uncertain-
ties.

Figures 3 and 4 show the responseof the system
againsta 50% perturbationin the temperatureinitial
condition.Theintroductionof thecontrolledimpurity
injectionasactuatorallowsusto dealsuccesfullywith
sucha large positive perturbationin T . We notethat
the control effort in SI can be reduceddecreasing
KI . However, the energy and consequentlythe beta
excursionsincreaseaccordingly.

6. CONCLUSIONS

Throughtheuseof nonlinearbacksteppingit waspos-
sible to synthesizea controllerwhich is independent
of the reactorfueling systemallowing either pellet
injectionor gaspuffing. It mustbementionedthatthe
control law (28) for S is remarkablysimplified when
thecontrollerdoesnot needto inject impuritiesin the
reactor. In this casethe control law (20) for Paux en-
suresP � P̄ andconsequentlyτd � τ̄d . Therefore,the
expressionfor α̇ in (29) adoptsa muchsimplerform.
In addition,thecombinationof asingularperturbation
andapassivity approachallowsusto regulate,through
the gain KI , the compromisebetweenthe actuation
forcein control law (25) for SI andtheenergy excur-
sion.

This new approachto theproblemof burn controlal-
lowsusto dealwith perturbationsin initial conditions
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Fig. 3. With control,underinitial perturbationof 50%
in T , (ZI � 8, KI � 0 � 1, KS � 1).

that were unmanageableuntil now. The information
takeninto accountby thecontrollerwhenit is synthe-
sizedusingthefull nonlinearmodelmakesit capable
of dealingwith a largersetof perturbationsin initial
conditions.On the otherhand,the multi-input nature
of thecontrollerallows it to rejectlargeperturbations
in initial conditionsleadingto boththermalexcursion
and quenching.In addition, the effectivenessof the
controller doesnot dependon whether the operat-
ing point is an ignition or a subignitionpoint. Since
thenonlinearcontrollerdependsparametricallyon the
equilibrium point, it can drive the systemfrom one
equilibriumpoint to anotherallowing in this way the
changeof power, otherplasmaparametersandignition
conditions.

Thecontrollerexhibits excellentpropertiesof robust-
nessandtheboundnessof thestatevariablesis guar-
anteedfor a largesetof valuesof kd .
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