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Abstract— The ITER tokamak will produce energy through
the nuclear fusion that can occur when an ionized gas, or
plasma, is brought to extreme temperatures. To drive the
plasma to regimes that allow net-positive power output, burn
control algorithms regulate the plasma’s temperature and den-
sity by requesting external heating and fueling. These control
requests can be satisfied with various actuators. In this work,
a model-based, nonlinear burn control algorithm is synthesized
along with an optimal actuator allocation algorithm that man-
ages ITER’s actuators. This actuator allocation algorithm con-
siders actuator delays and various other complex phenomena,
such as the fueling contribution from neutral beam injection
(NBI), when searching for the optimal mapping between the
burn control algorithm’s requests and the available actuators.
The burn control and actuator allocation algorithms are based
on control-oriented models for the plasma and actuators that in-
clude uncertainty. Uncertainty is modeled by asserting that the
value of specific parameters are not known to the algorithms.
In the model of the plasma system, these uncertain parameters
describe the quality of the plasma confinement and plasma-
wall effects such as impurity sputtering. In the models for
the actuator systems, there are state-dependent, time-varying
uncertainties such as the NBI thermalization delay, the uneven
NBI power deposition between ions and electrons, and the pellet
fueling efficiency. Both the burn control and actuator allocation
algorithms are designed to handle these uncertain parameters
through adaptive estimation. A simulation study illustrates the
capability of these algorithms working together.

I. INTRODUCTION
The ITER tokamak will magnetically confine burning plas-

mas, which are very hot ionized gases where deuterium (D)
and tritium (T) fuse to create alpha particles and neutrons [1].
The actuators that will be available to ITER include the ion
cyclotron (IC) system, the electron cyclotron (EC) system,
two neutral beam injectors (NBI), two pellet injectors, and
the gas fueling system [2]. Because ITER’s NBI actuators
heat the plasma by firing highly energetic D particles into
it [3], they will contribute to the plasma fueling. While the
NBI particles are thermalizing, their energy will be unevenly
divided between the plasma’s ions and electrons [1]. One of
the pellet injectors will fire 100% D pellets, while the other
will fire pellets with an approximately 10%D−90%T mixed
composition [4]. Gas injection will also provide fueling but
with less efficiency and longer delays than pellets [4], [5].

Nonlinear burn control algorithms [6], [7] determine
the amounts of external heating and fueling required to
bring a plasma to a desirable regime in temperature-density
space [8], [9]. Burn control is made more challenging due to
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the nonlinear, coupled dynamics of the plasma system. For
example, the positive correlation between the ion temperature
and the fusion reaction rate can cause destabilizing feedback
loops. The control requests for heating and fueling can
be met using the aforementioned suite of ITER actuators.
Proficient management of these actuators [10] is critical for
meeting control objectives. In [11], a management system
was devised to prioritize (possibly competing) control tasks,
allocate actuator resources to various controllers, and handle
disruptive plasma events. The management system in [12]
addresses specific actuator intricacies such as neutral beam
shine through which can potentially damage the first wall.

In prior work [13], [14], Lyapunov techniques [15] were
used to synthesize burn control algorithms from a nonlinear
plasma model. Furthermore, actuator allocation algorithms
were designed to optimally map the control requests to
ITER’s actuators. This mapping between the control requests
and actuators is called the effector system [16]. Optimal allo-
cation [17], [18] can assure that the control requests are satis-
fied when adequate external heating and fueling is available.
The actuator allocation algorithm in [14] was designed to
deal with actuator dynamics in the form of actuation lag. The
models for the plasma, effector and actuator systems included
parameters that were considered to be uncertain. A parameter
is uncertain if its value is unknown to the algorithms. These
uncertain parameters included constants that characterized
the DT wall recycling, the actuator efficiencies, the actuator
lags, and the T concentration in the fueling pellets.

This work improves upon the actuator allocation algorithm
from the prior work [14] in various ways. Firstly, the effector
system model now considers the D fueling contribution from
NBI. Secondly, the gas fueling system is now included as an
actuator. Thirdly, the following parameters in the models for
the effector and actuator systems that were considered to be
constant in the prior work [14] are now time-varying and
state-dependent: the pellet fueling efficiencies, the fractions
of the NBI power deposited into the ion and electron popu-
lations, and the thermalization delay of the NBI particles.

The paper is organized as follows. The closed-loop system
is described in Section II. The model of the plasma system is
given in Section III. In Section IV, burn control objectives are
drawn. The burn control algorithm is designed in Section V.
In Section VI, the model of the effector system is given. The
models for the actuator systems are shown in Section VII.
The actuator allocation algorithm is provided in Section VIII.
In Section IX, low-level actuator control algorithms are
designed. A simulation study is presented in Section X.
Conclusions and future work are stated in Section XI.



II. THE CLOSED-LOOP SYSTEM
The closed-loop system in Fig. 1 is described as follows.

Using the plasma system’s states x, the nonlinear burn con-
trol algorithm (Section V) calculates the requested stabilizing
control efforts vr that will drive the plasma to a targeted
regime. The vector vr contains requests for ion heating
(P reqaux,i), electron heating (P reqaux,e), D fueling (SreqD ), and
T fueling (SreqT ). The optimal actuator allocation algorithm
(Section VIII) receives vr and maps it to ITER’s actuators.
The powers and fueling rates produced by the actuators are
termed actuator efforts. The output of the actuator allocation
algorithm, the desired actuator efforts ud, should closely
reproduce vr. In the vector ud, the desired powers and fueling
rates from the IC, EC, NBI, D pellet, DT pellet, and DT gas
systems are denoted as P desic , P desec , P desnbi1

and P desnbi2
, SdesDpel

,
SdesDTpel

, and SdesDT gas
, respectively. With the aim of track-

ing ud, low-level actuator control algorithms (Section IX)
compute the command vector ucmd (which contains P cmdic ,
P cmdec , etc.). Based on their commands ucmd, the actuator
systems (Section VII) output their delayed actuator efforts u
(Pic, Pec, etc.). Through the effector model (Section VI), u
is converted into the control efforts v (Paux,i, Paux,e, etc.)
that evolve the plasma system. Adaptive estimation is used
to deal with the uncertain parameters in the models for the
plasma, effector, and actuator systems (θh, θe, and θu).

III. THE NONLINEAR PLASMA SYSTEM
The volume-averaged plasma system model (the block in

the bottom-left corner of Fig. 1) includes density response
models for deuterium (nD), tritium (nT ), alpha particles
(nα), and impurity particles with atomic number ZI (nI ) :

ṅD = −nD
τD
− Sα + SD + SRD, ṅα = −nα

τα
+ Sα,

ṅT = −nT
τT
− Sα + ST + SRT , ṅI = −nI

τI
+ SspI ,

(1)

where SD and ST are the control inputs (m−3 s−1). The par-
ticle confinement times are τα, τD, τT , and τI . The plasma
density is n=nH+nα+nI+ne where nH =nD+nT and
the electron density ne=nH+2nα+ZInI is defined by
quasi-neutrality. Using the constants feff , fref , Reff , and
γPF , the DT wall-recycling source [6], [19] is modeled as

SRD=
1

1−fref (1−feff)

(
fref

nD
τD

+

(
nD
τD

+
nT
τT

)(
1−γPF

)
ϕ

)
,

SRT =
1

1−fref (1−feff)

(
fref

nT
τT

+

(
nD
τD

+
nT
τT

)
γPFϕ

)
, (2)

ϕ=((1−fref (1−feff))Reff )(1−Reff(1−feff))−1−fref .

Similarly, SspI =fspI (n/τI+ṅ) is the impurity sputtering
source that depends on the constant fspI . The fusion reaction
rate density Sα=nDnT 〈σν〉 depends on the DT reactivity:

〈σν〉 = C1ωe
−3ξξ

1
2 (mrc

2T 3
i )−

1
2 , ξ = (B2

G/4ω)
1
3 (3)

where Ti (keV) is the shared temperature of all of the ions.
Constants C1, BG, and mrc

2 are found in [20] along with ω
which is a function of Ti. The tritium fraction is γ=nT /nH .

The total plasma energy is E = Ei+ Ee where the ion
energy is Ei = 3

2 (nH +nα+nI)Ti, the electron energy is
Ee= 3

2neTe, and the electron temperature is Te. In this work,
Ti and Te are in J (kinetic energy) unless stated otherwise.
The energy response models

Ėi = − Ei
τE,i

+ φαPα + Pei + Paux,i,

Ėe = − Ee
τE,e

+(1−φα)Pα−Pei−Pbr+Poh+Paux,e,

(4)

depend on the ion and electron energy confinement times τE,i
and τE,e. The control inputs are Paux,i and Paux,e (W/m3).
Each fusion reaction produces Qα=3.52 MeV such that the
alpha power is Pα=QαSα. The bremsstrahlung radiation
and the ohmic heating are Pbr=5.5×10−37Zeffn

2
e

√
Te

and Poh=2.8×10−9ZeffI
2
pa

−4T
−3/2
e where Te is in keV

(kinetic energy), Ip is the plasma current, and a is the
plasma minor radius. The effective atomic number is
Zeff =(nH+4nα+Z2

InI)/ne. The ion-electron collisional
power exchange [21] is

Pei =
3

2
ne
Te − Ti
τei

, τei =
3π
√

2πε20T
3/2
e

e4
√
me ln Λe

∑
l

ml

nlZ2
l

, (5)

where ε0 = 8.854 × 10−12 F/m, me is the electron
mass (kg), and e=1.622×10−19 C. With Tk in Kelvin,
Λk =1.24×107T

3/2
k /(n

1/2
e Z2

eff ) for k ∈ {i, e}. The sum-
mation is being taken over the set of plasma ions
l∈{D,T, α, I}, and ml, nl, and Zl refer to the ion mass,
density, and atomic number, respectively.

Fusion-born alpha particles and NBI particles heat the
plasma’s ions and electrons unevenly. Differentiating be-
tween alpha and NBI heating, the ion heating fraction is
denoted as φf for f ∈{α,nbi}. In [13], it was shown to be

φf =ρfφ
?
f , εc=

AfTe

m
1/3
e n

2/3
e

∑
l

nlZ
2
l

Al

(
3
√
π ln Λi

4 ln Λe

)2/3

,

φ?f =
1

x0

[
1

3
ln

1−x1/20 +x0

(1 + x
1/2
0 )2

+
2√
3

(
tan−1 2x

1/2
0 −1√

3
+
π

6

)]
,

(6)

where x0 = εf0/εc, εf0 is the fast ion’s initial energy, Af
The	Algorithms	for	the	Overall	Burn	Control	Scheme

Estimates Uncertain 𝜃! and 𝜃"Estimates Uncertain 𝜃#

Targets

𝑣! = [𝑃"#$,&
!'( 𝑃"#$,'

!'( 𝑆)
!'( 𝑆*

!'(]

The	Requested	Stabilizing	Control	Efforts The	Desired	Actuator	Efforts	for	Reproducing	𝑣!
𝑢+ = [𝑃&,+'- 𝑃',+'- 𝑃./&0+'- 𝑃./&1+'- 𝑆)!"#

+'- 𝑆)*!"#
+'- 𝑆)*$%&

+'- ]

𝑢 = [𝑃&, 𝑃', 𝑃./&0 𝑃./&1 𝑆)!"# 𝑆)*!"# 𝑆)*$%&]

The	Actuator	Efforts	Deposited	into	the	Plasma	System

𝑣 = [𝑃"#$,& 𝑃"#$,' 𝑆) 𝑆*]

The	Control	Efforts	Affecting	the	Plasma	SystemPlasma System
with Uncertain 𝜽𝒉

(Section III)

𝑥 = [𝐸& 𝐸' 𝑛3 𝑛) 𝑛* 𝑛4]
The	States	of	the	Nonlinear	Plasma	System

The	Systems	for	the	Uncertain	Plasma-Actuator	Plant

Nonlinear Burn 
Control Algorithm

(Section V)

Actuator Systems
with Uncertain 𝜽𝒖

(Section VII) 

Optimal Actuator 
Allocation Algorithm 

(Section VIII)

𝑢,6+ = [𝑃&,,6+ 𝑃',,6+ 𝑃./&0,6+ 𝑃./&1,6+ 𝑆)!"#
,6+ 𝑆)*!"#

,6+ 𝑆)*$%&
,6+ ]

The	Commands	for	Controlling	the	Actuator	Systems	to	Track	𝑢+

Effector System
with Uncertain 𝜽𝒆

(Section VI)  

Low-level Actuator 
Control Algorithms

(Section IX)

Fig. 1: In this closed-loop system, the top row of blocks are algorithms for the burn control, the actuator allocation, and the
low-level actuator control. The bottom row of blocks are the actuator systems, the effector system, and the plasma system.



for f ∈ {α, nbi} is the fast ion’s atomic mass, and Al for
l ∈ {D,T, α, I} is the plasma ion’s atomic mass [1], [22].
The injected D particles from ITER’s NBI (Anbi=2) and the
fusion alpha particles (Aα=4) have εnbi0 =1 MeV [3] and
εα0

=3.52 MeV of energy. Arbitrary constants ρα and ρnbi
are included in (6) so that φα and φnbi contain uncertainty.

The global energy confinement time [23], [24] is

τE,Hτ scE =H
KI0.93p B0.15

T M0.19R1.97ε0.58κ0.78n0.41e19

P 0.69V 0.69
, (7)

where K = 0.0562, H indicates the plasma’s con-
finement quality, V is the plasma volume, R is the
plasma major radius, ε = a/R, BT is the toroidal field,
M=3γ + (1−γ), κ is the vertical elongation at 95% flux
surface, P =Paux,i+Paux,e−Pbr+Pα+Poh is in MWm−3,
and ne is in 1019m−3. In ITER, Ip, BT , R, a, κ, and V equal
15 MA, 5.3 T, 6.2 m, 2 m, 1.7, and 837 m3, respectively. The
energy and particle confinement times are proportional to (7):
τE,i=ζiτE , τE,e=ζeτE , and τr=krτE for r∈{α,D, T, I}.

The response models (1) and (4) can be rewritten as

Ėi =− θh,1
Ei
τscE

+ θh,3φ
?
αPα + Pei + Paux,i,

Ėe =− θh,2
Ee
τscE

+Pα+θh,4φ
?
αPα−Pei−Pbr+Poh+Paux,e,

ṅα =− θh,5
nα
τscE

+ Sα,

ṅD =− θh,6
nD
τscE

+ θh,9
nT
τscE
− Sα + SD,

ṅT =− θh,7
nT
τscE

+ θh,10
nD
τscE
− Sα + ST ,

ṅI =− θh,8
nI
τscE

+ θh,11
n

τscE
+ θh,12ṅ,

(8)

where the elements of θTh =[θh,1 θh,2 . . . θh,12] lump togeth-
er the following parameters which are uncertain: H , ζi, ζe,
kD, kT , kα, kI , feff , fref , Reff , γPF , fspI , and ρα. With
(1), (4), and (8), the elements of θh can be readily inferred.

IV. BURN CONTROL OBJECTIVES

The vector x, [Ei Ee nα nD nT nI ]
T contains the

states of system (8). With six desired values for the states
(x̄) and four control efforts (P̄aux,i, P̄aux,e, S̄D, S̄T ), the
six equations (8) at steady-state (d/dt=0) can be solved by
choosing Ēi, Ēe, n̄, and γ̄. The burn control objective is to
drive the following system to the origin (i.e., x̃=x− x̄→0):

˙̃Ei = −θh,1
Ēi + Ẽi
τscE

+ θh,3φ
?
αPα + Pei + Paux,i,

˙̃Ee=−θh,2
Ēe+Ẽe
τscE

+Pα+θh,4φ
?
αPα−Pei−Pbr+Poh+Paux,e,

˙̃nα = −θh,5
n̄α + ñα
τscE

+ Sα, (9)

˙̃nD = −θh,6
n̄D + ñD
τscE

+ θh,9
n̄T + ñT
τscE

− Sα + SD,

˙̃nT = −θh,7
n̄T + ñT
τscE

+ θh,10
n̄D + ñD
τscE

− Sα + ST ,

˙̃nI = −θh,8
n̄I + ñI
τscE

+ θh,11
n̄+ ñ

τscE
+ θh,12 ˙̃n.

V. NONLINEAR BURN CONTROL

The control laws for the burn control algorithm (the
leftmost block on the top row in Fig. 1) are designed with the
following Lyapunov function and its time derivative [15]:
V = w2

i Ẽ
2
i + w2

eẼ
2
e + w2

γ γ̃
2 + ñ2 + θ̃Th Γ−1

h θ̃h,

V̇ = w2
i Ẽi

˙̃Ei + w2
eẼe

˙̃Ee + w2
γ γ̃ ˙̃γ + ñ ˙̃n+ θ̃Th Γ−1

h
˙̃
θh,

(10)

where Γh is a positive definite matrix, and wi, we, and wγ
are positive constants. Since θh is uncertain (not known), the
controller’s estimate of it θ̂h will have the error θ̃h= θ̂h−θh.

The expressions for Ẽi and Ẽe from (9) can be immedi-
ately substituted into V̇ (10). Expression for ˙̃n and ˙̃γ [14] can
be found using (9), nH = nD + nT , n=nH+nα+nI+ne,
ne=nH+2nα+ZInI , γ=nT /nH , and differentiation:

˙̃n=2SD+2ST−3θh,5
nα
τscE
−2θh,6

nD
τscE
−2θh,7

nT
τscE

+2θh,9
nT
τscE

+2θh,10
nD
τscE
−Sα+(ZI+1)

(
θh,11

n

τscE
+θh,12ṅ−θh,8

nI
τscE

)
,

˙̃γ=
1

nH

[
−θh,7

nT
τscE
−Sα+ST +θh,10

nD
τscE
−γ
(
−θh,7

nT
τscE

−θh,6
nD
τscE
−2Sα+SD+ST +θh,9

nT
τscE

+θh,10
nD
τscE

)]
. (11)

Substituting the ˙̃Ei,
˙̃Ee, ˙̃n and ˙̃γ expressions into (10) gives

V̇=w2
i Ẽi

[
Paux,i−θh,1

(
Ēi+Ẽi
τscE

)
+θh,3φ

?
αPα+Pei

]
+θ̃Th Γ−1

h
˙̃
θh

+w2
eẼe

[
Paux,e−θh,2

(
Ēe+Ẽe
τscE

)
+θh,4φ

?
αPα+Pα−Pei−Pbr

+Poh

]
+
w2
γ γ̃

nH

[
θh,10

nD
τscE
−θh,7

nT
τscE
−Sα+ST−γ

(
SD+ST

+
nT
τscE

(
θh,9−θh,7

)
+
nD
τscE

(
θh,10−θh,6

)
−2Sα

)]
+ñ

[
2SD−Sα

−2θh,7
nT
τscE

+(ZI+1)

(
θh,11

n

τscE
+θh,12ṅ−θh,8

nI
τscE

)
+2ST

−2θh,6
nD
τscE

+2θh,9
nT
τscE

+2θh,10
nD
τscE
−3θh,5

nα
τscE

]
. (12)

Using the certainty equivalence principle where θ̂h=θh is
temporarily assumed [25], the control laws are formulated:

P reqaux,i= θ̂h,1
Ēi
τscE
− θ̂h,3φ?αPα − Pei,

P reqaux,e= θ̂h,2
Ēe
τscE
−Pα− θ̂h,4φ?αPα+Pei+Pbr−Poh,

SreqD =
nD
τscE

(̂
θh,6−θ̂h,10

)
+
nT
τscE

(̂
θh,7−θ̂h,9

)
−ST +

1

2

[
3θ̂h,5

nα
τscE

+(ZI+1)

(
θ̂h,8

nI
τscE
−θ̂h,11

n

τscE
−θ̂h,12ṅ

)
+Sα−µnñ

]
,

SreqT = θ̂h,7
nT
τscE

+Sα−θ̂h,10
nD
τscE
−µtγ̃+

γ

2

[
3θ̂h,5

nα
τscE
−3Sα

+(ZI+1)

(
θ̂h,8

nI
τscE
−θ̂h,11

n

τscE
−θ̂h,12ṅ

)
−µnñ

]
, (13)

where µn and µt are positive constants. Substitution of the
four control laws (13) into V̇ (12) gives the following result:



V̇ =w2
i Ẽi

Ēi
τscE

θ̃h,1+w2
eẼe

Ēe
τscE

θ̃h,2−
w2
i Ẽ

2
i

τscE
θh,1−

w2
eẼ

2
e

τscE
θh,2

−w2
i ẼiPαφ

?
αθ̃h,3−w2

eẼePαφ
?
αθ̃h,4+3ñ

nα
τscE

θ̃h,5−µt
w2
γ γ̃

2

nH

+

(
2ñ−

w2
γ γ̃γ

nH

)
nD
τscE

θ̃h,6+

(
2ñ−(γ−1)

w2
γ γ̃

nH

)
nT
τscE

θ̃h,7−µnñ2

+ñ(ZI+1)
nI
τscE

θ̃h,8+

(
w2
γ γ̃γ

nH
−2ñ

)
nT
τscE

θ̃h,9−(ZI+1)ñṅθ̃h,12

+(γ−1)
w2
γ γ̃nD

nHτscE
θ̃h,10−ñ(ZI+1)

n

τscE
θ̃h,11+θ̃

T
h Γ−1

h
˙̃
θh. (14)

Because the assumption that θ̂h=θh (i.e., θ̃h=0) will not
always hold, the following adaptive estimation law is chosen
to eliminate the terms that contain the elements of θ̃h in (14):

˙̂
θh ≈ ˙̃

θh = Γh



−(Ēi/τ
sc
E )w2

i Ẽi

−(Ēe/τ
sc
E )w2

eẼe

φ?αPαw
2
i Ẽi

φ?αPαw
2
eẼe

−3ñ(nα/τ
sc
E )

−[2ñ− ((w2
γ γ̃γ)/nH)](nD/τ

sc
E )

−[2ñ− (γ − 1)(w2
γ γ̃)/nH ](nT /τ

sc
E )

−ñ(ZI + 1)(nI/τ
sc
E )

−(((w2
γ γ̃)/nH)γ − 2ñ)(nT /τ

sc
E )

−(γ − 1)((w2
γ γ̃)/nH)(nD/τ

sc
E )

ñ(ZI + 1)(n/τscE )
(ZI + 1)ñṅ



. (15)

The ˙̂
θh ≈ ˙̃

θh condition holds because variations in the
uncertain parameters are assumed to be slow (θ̇h ≈ 0).

Substituting (15) into (14) gives the stability condition

V̇=−w
2
i Ẽ

2
i

τscE
θh,1−

w2
eẼ

2
e

τscE
θh,2−µt

w2
γ γ̃

2

nH
−µnñ2≤0, (16)

which holds because τscE , θh,1, θh,2, and nH are positive. It is
not guaranteed that the estimation errors in θ̃h are forced to
zero. In the state space (Ẽi, Ẽe, γ̃, ñ, θ̃h), the set Ω is defined
by all points where V̇ =0. From (16), it is clear that V̇ =0
only when Ẽi, Ẽe, γ̃, and ñ are equal to zero (irrespective
of the value of θ̃h). Therefore by LaSalle’s Theorem [15],
the deviations Ẽi, Ẽe, γ̃, and ñ are driven to zero as t→∞.

The following shows that ñα and ñI are driven to zero.
With (8), the time derivative of the Lyapunov function
Vα= ñ2α/2 is V̇α= ñα(Sα− θh,5nα/τscE ). With Ẽi, Ẽe, γ̃,
and ñ driven to zero, the expression (Sα− θh,5nα/τscE )
decreases with increasing nα and vice versa. Therefore, the
statement Sα− θh,5nα/τscE =−ϑñα holds if ϑ is a positive
continuous function. When Ẽi, Ẽe, γ̃, and ñ equal zero,
V̇α=−ϑñ2α<0 ∀ ñα 6=0. Therefore, ñα→0 over time. With
SspI =fspI (n/τI+ṅ), the nI response model (1) reduces to
0 =−nI+fspI n at steady-state. When ñ= 0, it can be seen
that ñI =0. Clearly, driving ñ to zero brings ñI to zero.

VI. THE EFFECTOR SYSTEM

To satisfy the control laws (13), ITER will have ac-
cess to various actuators that output actuator efforts
u, [Pic Pec Pnbi1 Pnbi2 SDpel

SDTpel
SDTgas ]T. Unlike prior

work [14], this work includes gas injection. The model of the
effector system (the bottom-middle block in Fig. 1) maps the
control efforts v, [Paux,i Paux,e SD ST ]T=Φ(x, u) to u:

Paux,i= ηicPic+ηnbi1φnbiPnbi1 +ηnbi2φnbiPnbi2 ,

Paux,e= ηecPec+ηnbi1 φ̄nbiPnbi1 +ηnbi2 φ̄nbiPnbi2 ,

SD= ηnbi1Pnbi1/εnbi0 +ηnbi2Pnbi2/εnbi0 +ηpel1SDpel

+ηpel2(1−γpel)SDTpel
+ηgas(1−γgas)SDTgas

,

ST = ηpel2γpelSDTpel
+ηgasγgasSDTgas

, (17)
where ηic, ηec, ηnbi1 , ηnbi2 , ηpel1 , ηpel2 , and ηgas are uncer-
tain efficiency factors. The ion cyclotron (IC) and electron
cyclotron (EC) systems provide powers Pic and Pec to the
ions and electrons, respectively. Through particle collisions
(Pei in (4)), they heat the entire plasma. The two neutral
beam injectors (NBI) output powers Pnbi1 and Pnbi2 . The
fraction φnbi (6) of the NBI power is deposited into the
ions, while the electrons receive φ̄nbi=1− φnbi. In contrast
to prior work [14], this work considers the fueling from NBI.
Because ITER’s NBI will fire εnbi0 =1 MeV D particles [3],
the NBI fueling rate is the NBI power divided by εnbi0 . The
100% D pellet injector fuels at a rate of SDpel

. Using pellets
with a T concentration of γpel, the DT pellet injector fuels
at a rate of SDTpel

. The gas fueling system puffs gas with a
T concentration of γgas at the rate SDTgas

. Similarly to [26],
the T concentrations (γpel, γgas) are uncertain parameters.

In the effector system model (17), some of the uncertain
parameters that were constant in prior work [14] are time-
varying in this work. The dependence of φnbi on the plasma
state is given by (6) which includes the uncertain parameter
ρnbi. The pellet fueling efficiency decreases with increasing
plasma energy. This is modeled in an ad-hoc fashion:

ηpel1 = ρpel1Enorm, ηpel2 = ρpel2Enorm, (18)
where Enorm=1−E/E0 and E0>E=Ei+Ee is a constant
design parameter that is given in Section X. The arbitrary
constants ρpel1 and ρpel2 are considered to be uncertain.

VII. THE DYNAMIC ACTUATOR SYSTEMS

ITER’s actuators will experience lags such as the NBI
thermalization delay and the flight time of the pellets [27].
In (17), u contains the actuator efforts after they been
delayed. The commands that are instantaneously sent to
the actuators are ucmd, [P cmdic P cmdec . . . ScmdDTgas

]T. Each
actuator undergoes the same first-order lag process:

Tlagu̇+ u = ucmd, (19)

where Tlag = diag(τ lagic , τ lagec , τ
lag
nbi , τ

lag
nbi , τ

lag
pel , τ

lag
pel , τ

lag
gas)

contains the uncertain time constants for the actuators. In
contrast to prior work [14], the NBI time constant τ lagnbi is
time-varying. NBI particles lose energy at a rate of [1], [21]:

dεnbi
dt

= −Bεnbi −Bεnbi
(
εc/εnbi

)3/2
, (20)

where B = e4nem
1/2
e ln Λe/(3

√
2π3/2ε20mnbiT

3/2
e ) and

mnbi=3.343×10−27 kg. With the particles’ thermalized en-
ergy being εnbith =Ti, the NBI thermalization delay is found
by integrating (20) from zero to the thermalization time:

τ lagnbi =ρthτ
?
nbi=−ρth

2

3B
ln

[
(
εnbith

εnbi0
)3/2+( εc

εnbi0
)3/2

1+( εc
εnbi0

)3/2

]
, (21)

where ρth is a proportionality constant that is considered to
be uncertain and εc is given in (6). In Fig. 1, the rightmost
block on the bottom row depicts the actuator systems (19).



VIII. OPTIMAL ACTUATOR ALLOCATION

To formulate the actuator allocation algorithm (the top-
middle block in Fig. 1), the models for the plasma (8),
effector (17), and actuator (19) systems are restructured [18].
The plasma system model can be written as ẋ=f(x)+g(x)v
where x=[Ei Ee nα nD nT nI ]

T . Both f(x) and g(x) can
be easily inferred. The remaining models can be rewritten as
v=Φ(x, u, θe)=Φθe(x, u)θe, u̇=fθu(x, u, ucmd)θu,

θTu =
[
1/τ lagic 1/τ lagec 1/ρth 1/τ lagpel 1/τ laggas

]
,

θTe1 =
[
ηic ηnbi1ρnbi ηnbi2ρnbi ηec ηnbi1 ηnbi2

]
,

θTe2 =
[
ρpel1 ρpel2 ρpel2γpel ηgas ηgasγgas

]
, (22)

where θTe = [θe1 θe2 ]. The rewritten models for the effector
system (17) and the dynamic actuator systems (19) are,
respectively, v=[Paux,i Paux,e SD ST ]T =Φ=Φθeθe and
u̇=[Ṗic Ṗec . . . ṠDTgas

]T =fθuθu. The estimates of θe and
θu, which lump together the uncertain parameters, are θ̂e and
θ̂u. Matrices Φ(x, u, θe), Φθe(x, u), and fθu(x, u, ucmd) can
be inferred by comparing (22) to (17) and (19).

The actuator allocation algorithm seeks to minimize the
difference between the requested control efforts vr (13) and
the control efforts that are produced by the actuators v (17)
by determining the optimal or desired actuator efforts ud. It
is based on the following constrained optimization problem:

minimize
ud

J=z(diag(ud)ud)−
i=7∑
i=1

qi log(ūi−ud,i)

subject to vr − Φ(x, ud + ũ, θ̂e) = 0,

(23)

where ũ= u−ud and ud,i is the ith element of ud. Vector
ū=[P̄ic P̄ec . . . S̄DT gas ]T contains the saturation limits of
ITER’s actuators [2], [28]: ū= [20 MW 20 MW 16.5 MW
16.5 MW 120 Pa m3/s 111 Pa m3/s 400 Pa m3/s]T . The
vectors z and q consist of weighting constants. With the
introduction of a Lagrangian function L and vector λ, (23)
can be rewritten as an unconstrained optimization problem:

minimize
ud,λ

L(x, ud, ũ, λ, θ̂e, θ̂u),

L(x, ud, ũ, λ, θ̂e, θ̂u) = J + (vr −Φ(x, ud + ũ, θ̂e))
Tλ.

(24)

The allocation algorithm makes use of two observers:
˙̂u = Aû(û− u) + fθu(x, u, ucmd)θ̂u,
˙̂x = Ax̂(x̂− x) + f(x) + g(x)Φ(x, u, θ̂e),

(25)

where Aû and Ax̂ are Hurwitz matrices. The update laws for
the actuator allocation are based on the formulation in [18]:(
u̇d
λ̇

)
=−ΓH

(
∂L
∂ud
∂L
∂λ

)
−uff , H=

(
∂2L
∂u2

d

∂2L
∂λ∂ud

∂2L
∂ud∂λ

0

)
,

uff =H−1

(
∂2L
∂ũ∂ud
∂2L
∂ũ∂λ

)
fũ(x, ũ, ud, ucmd, θ̂u)+H−1

(
∂2L
∂θ̂∂ud
∂2L
∂θ̂∂λ

)
˙̂
θ

+H−1

(
∂2L
∂x∂ud
∂2L
∂x∂λ

)
(f(x)+g(x)(vr−Φ(x, u, θe))),

˙̂
θTu=

(
ξTu Γu+ξ

T
x Γx+

∂Vũ
∂ũ

+
∂LT

∂ud

∂2L

∂ũ∂ud
+
∂LT

∂λ

∂2L

∂ũ∂λ

)
fθuΓ

−1
θu
,

˙̂
θTe =

(
ξTx Γx +

∂LT

∂λ

∂2L

∂x∂λ

)
g(x)Φθe(x, u)Γ−1

θe
, (26)

where θ̂,(θ̂Tu , θ̂
T
e )T , ξu,u−û, ξx,x−x̂. The matrices Γ,

Γθu , Γθe , Γu, and Γx are symmetric and positive definite.

IX. LOW-LEVEL ACTUATOR CONTROL

Because of the actuator dynamics (19), low-level actuator
control algorithms (the top-right block in Fig. 1) give com-
mands ucmd to bring the actuator efforts u to the desired ud.
Their control laws are designed with the Lyapunov functions:

Vũ,i = ũ2i /2 for i ∈ {1, ..., 7}, (27)
where each Vũ,i is a function of the ith element of
ũ=[P̃ic P̃ec P̃nbi1 P̃nbi2 S̃Dpel

S̃DTpel
S̃DTgas

]T =u−ud.
The models for the actuator systems (19) are rewritten as

u̇i=Θu,i(ucmd,i−ui) for i ∈ {1, ..., 7}, (28)
ΘT
u =[θu,1 θu,2 θu,3/τ

?
nbi θu,3/τ

?
nbi θu,4 θu,4 θu,5],

where ucmd,i, Θu,i, and θu,i indicate the ith element of ucmd,
Θu from (28), and θu from (22), respectively. Taking the time
derivative of Vũ,i (27) and substituting for ũi=ui−ud,i gives

V̇ũ,i= ũi ˙̃ui= ũi(Θu,i(ucmd,i − ũi−ud,i)−u̇d,i), (29)
for i ∈ {1, ..., 7}. The low-level actuator control algorithms
assume that Θ̂u=Θu where Θ̂u is the actuator allocation al-
gorithm’s estimate of Θu (i.e., Θ̂u=[θ̂u,1 θ̂u,2 . . . θ̂u,5]T ).
With the control laws (and for Θ̂u=Θu and Θu,i>0),

ucmd,i = ud,i + u̇d,i/Θ̂u,i for i ∈ {1, ..., 7}, (30)
the stability condition V̇ũ,i=−ũ2i Θ̂u,i<0 ∀ ũi 6=0 is met.

In tokamaks, various controllers with different objectives
may compete over the actuators. Therefore, some of the
actuators in (17) may not always be available to the presented
burn control scheme (Sections V through IX). As evidenced
by the prior work [14] where the gas fueling system was not
included, the actuator allocation algorithm (22)−(26) can be
reformulated to include more or less actuators. Therefore, the
presented burn control scheme can be used as a component
of a high-level management system [10], [11] that swaps in
and out different versions of the presented actuator allocation
algorithm as needed. The advantage of the presented burn
control scheme is that it can deal with actuation lags and un-
certainties in the plasma, effector and actuator systems. The
presented burn control scheme decouples the burn control
problem from the actuator allocation problem. This results in
a modular design that allows the burn control algorithm to be
swapped with different controllers or the actuator allocation
algorithm to be swapped with different allocators.

X. SIMULATION STUDY

The burn control scheme (Sections V through IX) is tested
in a simulation with initial conditions: nα=2×1018m−3,
nD=3×1019m−3, nT =3×1019m−3, nI =1×1018m−3,
Ei=1.4×105J/m3, and Ee=1.8×105J/m3. The first target
for burn control was the solution of (8) with d/dt=0 when
Ēi=1.3×105J/m3, Ēe=1.9×105J/m3, n̄= 1.5×1020m−3,
and γ̄=0.5. After 100 s, the target changed to solution when
Ēi=1.2×105J/m3, Ēe=1.8×105J/m3, n̄=1.4×1020m−3,
and γ̄=0.5. In addition, ZI =4 and E0 =5.9×105 J/m−3.

Respectively, the uncertain parameters for the plasma
system model H , ζi, ζe, kD, kT , kα, kI , ρα, feff , fref ,Reff ,
γPF , and fspI were given the following values: 1,1.1,0.9,3,2,
4,6,1,0.1,0.5,0.6,0.5, and 0.01. The values for the recycling
parameters are within range of that reported in [19]. For
the effector system model, the uncertain parameters ηic, ηec,



Fig. 2: (a, b, c, d) The evolution of the control variables (solid-blue lines) and their desired targets (dashed-red lines) are
shown. (e, f) The powers and fueling rates that are generated from the actuators (i.e., the actuator efforts u) are also shown.

ηnbi1 , ηnbi2 , ηgas,γpel,γgas,ρnbi,ρpel1 , and ρpel2 were set to
0.9,0.92,1,0.95,0.1,0.9,0.57,1,0.95, and 0.93, respectively. A
low ηgas is used because gas fueling is expected be inefficient
in ITER [5]. The actuators’ uncertain time contains were set
to be five times the expected plasma response times that
are reported in [2]: τ lagic =1 s, τ lagec =0.1 s, τ lagpel =0.5 s, and
τ laggas=5 s. Similarly, ρth=5. The initial estimate of the com-
posite uncertainty vector Θ̂,(θ̂Th , θ̂

T
u , θ̂

T
e )T was calculated

by multiplying the correct values of each element, in order,
with the following numbers: 1.04, 1.09, 0.92, 0.96, 1.07, 0.94,
1.03, 0.94, 1.12, 0.93, 1.05, 0.9, 1.1, 1.13, 0.9, 0.94, 0.93, 1.1,
0.88, 0.8, 1.05, 1.1, 1.1, 0.87, 0.91, 0.93, 0.96, and 0.96.

As shown in Fig. 2 (a, b, c, d), the burn control scheme
was able to track the desired targets despite the numerous
uncertain parameters. The target tracking was effective be-
cause the actuator allocation algorithm was able to manage
the actuator efforts (Fig. 2 (e, f)) such that the burn control
algorithm’s control requests were satisfied. Furthermore, the
burn control scheme was successful despite the fivefold
increase in the actuation lags (which were assumed to be
the plasma response times reported in [2]).

XI. CONCLUSIONS AND FUTURE WORK
In Section X, the burn control and actuator allocation

algorithms worked in tandem to overcome the challenges
imposed by the presence of uncertain parameters and ac-
tuation lags. The actuator allocation algorithm presented
in prior work [14] has been significantly improved upon.
Uncertain parameters that were considered to be constant
in [14] now vary in time. Specifically, the NBI ion-heating
fraction (6), the pellet fueling efficiencies (18), and the NBI
thermalization delay (21) were modeled to evolve with the
plasma state. In addition, the effector system now considers
gas injection and the fueling from NBI. Future work may
focus on designing more complex models for the actuators.
For example, pellet injection can be modeled as a discrete
process where batches of particles are injected one at a time.
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