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a b s t r a c t

Plasma current, position and shape control is a challenging problem due to the strong coupling between
the different parameters describing the shape of the plasma. By leveraging the availability of rtEFIT, this
paper proposes a robust model-based multi-input–multi-output (MIMO) controller to provide real-time
shaping, position stabilization and current regulation in NSTX. The proposed controller is composed of
three loops: the first loop is devoted to plasma current regulation, the second loop is dedicated to plasma
radial and vertical position stabilization, and the third loop is used to control the plasma shape. This
control approach transforms the shape control problem into an output tracking problem. The goal is the
minimization of a quadratic cost function that describes the tracking error in steady state. A singular
value decomposition (SVD) of the nominal plasma model is carried out to decouple and identify the
most relevant control channels. The H∞ technique is used to minimize the tracking errors and optimize
input efforts. Computer simulation results illustrate the performance of the robust model-based shape
controller, showing potential for improving the performance of present non-model-based controllers.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The plasma shape requirements in a practical, highly effi-
cient tokamak are very stringent. The extreme shapes that must
be achieved, intrinsic instability in the plasma vertical position
(the more shaped the plasma, the more unstable), large number
of control inputs (coil voltages) and control outputs (geometri-
cal parameters and plasma current), and demanding regulation
requirements make this problem very challenging [1].

NSTX presents a unique control challenge relative to other toka-
maks, in that there are no coils on the inboard side of the plasma and
just a small number of coils on the outboard side. The strong cou-
pling between the different geometrical parameters describing the
shape of the plasma calls for a model-based, multivariable approach
to obtain improvements in closed-loop performance. The recent
implementation of the real-time equilibrium reconstruction code
rtEFIT [2] in NSTX allows plasma shaping by controlling the mag-
netic flux at the plasma boundary. A non-model-based, empirically
tuned, single-input–single-output (SISO), proportional-integral-
derivative (PID) shape controller that exploits this capability has
been recently proposed [3]. Alternatively, we present a robust
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model-based multi-input–multi-output (MIMO) controller to pro-
vide real-time shaping, position stabilization and current control
in the presence of disturbances and uncertainties. Singular value
decomposition (SVD) is used for decoupling and identification
of the most relevant control channels [4]. The control design is
based on linear plasma response models derived from fundamental
physics assumptions.

2. NSTX model description and control approach

The system composed of plasma, shaping coils, and passive
structure can be described using circuit equations derived from
Faraday’s Law, and radial and vertical force balance relations for a
particular plasma equilibrium. In addition, rigid radial and vertical
displacement of the equilibrium current distribution is assumed,
and a resistive plasma circuit equation is specified [5]. The result
is a circuit equation describing the linearized response, around a
particular plasma equilibrium, of the conductor-plasma system to
voltages applied to active conductors. For control design and sim-
ulation purposes, the linearized plasma response model can be
written in state space form

ẋ = Ax + Bu, ıy = Cıx (1)

where x = [ITc ITv ITp ]T and u = [VTc 0VTno]
T , with Ic, Iv, and Ip repre-

senting currents in PF coils, vessel, and plasma, respectively, Vc
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Fig. 1. NSTX isoflux control configuration.

representing the vector of voltages applied to the PF coils, and Vno
representing the effective voltage applied to drive plasma current
by noninductive sources (no noninductive current source is consid-
ered in this work, i.e., Vno = 0). We define ıT = T − Teq, for T ∈{x, y},
where the subscript “eq” denotes values at the equilibrium from
which the model is derived.

Isoflux control exploits the capability of the real time EFIT
plasma shape reconstruction algorithm to calculate magnetic flux
at specified locations within the tokamak vacuum vessel. Fig. 1
shows a typical isoflux control configuration in NSTX. Real time
EFIT can calculate very accurately the value of flux in the vicinity
of the plasma boundary. Thus, the controlled parameters are the
values of flux at prespecified control points along with the X-point
r and z positions. By requiring that the flux at each control point be
equal to the same constant value, the control forces the same flux
contour to pass through all of these control points. By choosing this
constant value equal to the flux at the X-point, this flux contour
must be the last closed flux surface or separatrix.

3. Control system design

The proposed control architecture shown in Fig. 2 is composed
of three loops. The first loop is devoted to plasma current regulation
(PID controller), the second loop is dedicated to plasma radial and
vertical position stabilization (PID controller), and the third loop
is used to control the plasma shape and X-point location (multi-
input–multi-output robust controller).

The ohmic (OH) coil is dedicated to plasma current regulation.
The proposed plasma current controller is written as

VOH = GIpP !Ip + GIpI

� t

0
!Ipdt + GIpD

d!Ip
dt

, (2)

where !Ip = Ip − IrefP with IrefP denoting the reference plasma cur-
rent. The parameters GIpP , GIpI , and GIpD are the plasma current PID
gains.

Poloidal field coils PF2U/L, PF3U/L, and PF5 are used for plasma
radial position control while poloidal field coils PF2U/L and PF3U/L
are used for plasma vertical position control. The selection of these
sets of actuators is the result of a sensitivity study carried out for the

Fig. 2. NSTX control system architecture.

steady-state transfer function. The contribution to the coil voltages
by the proposed radial position controller is written as !VU/LPF2R

=

!VU/LPF3R
= !VPF5R = VRp , with

VRp = GRpP !RP + GRpI

� t

0
!RPdt + GRpD

d!RP
dt

(3)

where !Rp = Rp − RrefP with RrefP denoting the reference plasma
radial position. The parameters GRpP , GRpI , and GRpD are the plasma
radial position PID gains. The contribution to the coil voltages by
the proposed vertical position controller is written as !VjPF2Z

=

!VjPF3Z
= VZp (j), with

VZp (j) = (−1)j
�
GZpP !ZP + GZpI

� t

0
!ZP + GZpD

d!ZP
dt

�
(4)

where the superscript j ∈{0, 1} refers to upper and lower PF coils
respectively. The parameters GZpP , GZpI , and GZpD are the plasma ver-

tical position PID gains. The voltage offset !VjPFi is then added to
the voltage shape control requests.

The separate design of the plasma current and position con-
trollers transforms the shape control problem into an output
tracking problem. The tracking error is defined as e(t) = r(t) − y(t),
with the system output y(t) defined as the magnetic fluxes at three
control points and the magnetic field components at the desired X-
point location, i.e., y =

�
 1  2  3 Br Bz

�T
. The contribution

to the coil voltages by the shape controller is written as
�

!VU/LPF1AS
!VPF1BS!V

U/L
PF2S

!VU/LPF3S
!VPF5S

�T
= K̂e.

The plasma shape and X-point location control algorithm can be
summarized by the following steps: (1) calculate 1, 2 and 3 at
the control points, and Br and Bz at the desired X-point location;
(2) estimate the actual X-point location, compute the flux at this
point and define this value as ref; (3) make the flux at the control
points track the flux  ref at the X point and make Br and Bz at the
desired X-point location go to zero. There are no reference points
in the upper and inboard sections to avoid clash with the radial and
vertical position controllers.

The relation between inputs and outputs in the linear
model (1) can be expressed in terms of its transfer function
P(s) = Y(s)/U(s) = (C(sI − A)−1B + D), where s denotes the Laplace vari-
able and Y(s) and U(s) denote the Laplace transform of output
and input vectors respectively. Assuming constant references r̄
and closed-loop stabilization, the system will reach steady state as
t → ∞. It is possible then to define ȳ = limt→∞y(t), ū = limt→∞u(t),
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ē = limt→∞e(t) = r̄ − ȳ. By invoking the final value theorem, we can
express the closed-loop system in steady state as

ȳ = P̄ū = −CA−1Bū, ū = ¯̂Kē = ¯̂K (r̄ − ȳ) , (5)

where K̂(s) is the controller transfer function ( ¯̂K = K̂(0)).
We consider the problem of minimizing a steady-state cost func-

tion given by

J̄ = lim
t→∞

eT (t)Qe(t) = ēTQ ē (6)

where Q ∈ & p×p (P is the number of outputs) is a positive definite
weighting matrix for the tracking error. In order to weight the con-
trol effort, another positive definite weighting matrix R ∈ & m×m

(m is the number of inputs) is also introduced. The choice of the
weighting matrices Q and R is usually the outcome of an iterative
design process in which the objective is to minimize the tracking
error while keeping the control actuation within physical limits.

We define the “weighted” steady-state transfer function, and its
singular value decomposition, as

P̃ = Q1/2P̄R−1/2 = USVT (7)

where S = diag("1, "2, · · · , "m) ∈ & m×m, U ∈ & p×m (UTU = I), and
V ∈ & m×m (VTV = VVT = I). Note that the steady-state input–output
relation can now be expressed as

ȳ = P̄ū = Q−1/2P̃R1/2ū = Q−1/2USVTR1/2ū. (8)

By invoking SVD properties, we can note that the columns of
the matrix Q−1/2US define a basis for the subspace of obtainable
steady-state output values and we can always write

ȳ = Q−1/2USȳ∗ ⇔ ȳ∗ = S−1UTQ1/2ȳ (9)

with ȳ∗ ∈ &m. We will only be able to track in steady-state the com-
ponent of the reference vector r̄ that lies in this subspace. We write
then the reference vector as the sum of a trackable component r̄t
and a non-trackable component r̄nt , i.e., r̄ = r̄t + r̄nt , where

r̄t = Q−1/2USr̄∗ ⇔ r̄∗ = S−1UTQ1/2 r̄ (10)

with r̄∗ ∈ &m and S−1UTQ1/2 r̄nt = 0.
Note that by defining ū∗ = VTR1/2ū, the relationship between ȳ∗

and ū∗ is obtained by using (8) as

ȳ∗ = S−1UTQ1/2ȳ = S−1UTQ1/2Q−1/2USVTR1/2ū = ū∗ (11)

and one-to-one relationships between inputs and outputs are
obtained. The new system is a square decoupled system.

The steady state error can now be rewritten as

ē = r̄ − ȳ = Q−1/2US(r̄∗ − ȳ∗). (12)

Substituting this expression in (6), the performance index is now
expressed as

J̄ = (r̄∗ − ȳ∗)T S2(r̄∗ − ȳ∗) =
m�

i=1

"2
i (r̄∗i − ȳ∗

i )
2. (13)

The purpose of the shape control is to minimize the per-
formance index J̄. However, it is usually the case where
"1 > · · · "k ) "k+1 > · · · > "m > 0. Note that the singular value "i, for
i = 1, . . ., m, is the weight parameter for the ith component of the
tracking error. Therefore, it is possible that in the intent of min-
imizing J̄ in (13) we spend lot of control effort in minimizing ith
components of the tracking error, for i > k, that have a very small
contribution to the overall value of the cost function. To avoid
spending lot of control effort for a marginal improvement of the
cost function value, the cost function is rewritten as

J̄s =
k�

i=1

"2
i (r̄∗i − ȳ∗

i )
2. (14)

Fig. 3. H∞ control formulation.

By partitioning the singular value set in significant singular val-
ues Ss and negligible singular values Sn, we can write U = [UsUn],
V = [VsVn], S = diag(Ss, Sn), and obtain

J̄s =
k�

i=1

"2
i (r̄∗i − ȳ∗

i )
2 = (r̄∗s − ȳ∗

s )
T S2
s (r̄∗s − ȳ∗

s ) (15)

with r̄∗s = S−1
s U

T
s Q

1/2 r̄, ȳ∗
s = S−1

s U
T
s Q

1/2ȳ, ū∗
s = VTs R1/2ū.

Based on the outcome of the SVD, the control architecture shown
in Fig. 3 is proposed, where two frequency-dependent weighting
functions Wp and Wu are introduced. The mixed sensitivity H∞
control technique is used to find a k × k controller that minimizes
the tracking error r∗s − y∗

s as t → ∞, and therefore J̄s in (15), while
minimizing the control effort u∗

s . The signals of the general control
configuration are defined as the control input ũ = u∗

s , the tracking
error ẽ = r∗s − y∗

s , the exogenous reference r̃ = r̄ and the external
performance signal z̃.

Using the Laplace Transform we can obtain a frequency-domain
representation of the overall system. The plant G(S) is the transfer
function from the input signals

�
r̃T ũT

�T
to the output signals

�
z̃T1 z̃T2 ẽT

�T
, i.e.,

�
z̃
ẽ

�
=

�
z̃1
z̃2
ẽ

�
= G(s)

�
r̃
ũ

�
=

�
G11(s) G12(s)
G21(s) G22(s)

��
r̃
ũ

�
,

where

G11 =
�
WpS−1

s U
T
s Q

1/2

0

�
G22 = −S−1

s U
T
s Q

1/2PR−1/2Vs

G12 =
�

−WpS−1
s U

T
s Q

1/2PR−1/2Vs
Wu

�
G21 = S−1

s U
T
s Q

1/2

We define the transfer function Ms as

Ms = (I + S−1
s U

T
s Q

1/2PR−1/2VsK)
−1
S−1
s U

T
s Q

1/2, (16)

and write the closed-loop transfer function as

Tzr = Fl(G,K) = G11 + G12K(I − G22K)−1G21 =
�
WpMs
WuKMs

�
(17)

where Fl(G, K) is the lower linear fractional transform (LFT).
We seek a controller K(s) that stabilizes the system and mini-

mizes the H∞ norm of the transfer function Tzr(G, K), i.e.,

min
K(s)

||Tzr(G,K)∞|| = min
K(s)

(sup
ω

"̄[Tzr(G,K)(jω)]) = min
K(s)

����
WpMs
WuKMs

����
∞

where "̄ represents the maximum singular value. This statement
defines a mixed sensitivity H∞ control problem, where the goal is
to minimize both the error tracking (WpMs) and the control effort



Author's personal copy

1110 W. Shi et al. / Fusion Engineering and Design 86 (2011) 1107–1111

0 0.2 0.4 0.6 0.8 1
8.8

8.9

9

9.1

9.2
x 10

Time [s]

C
ur

re
nt

 [A
]

Plasma Current & Plasma Current Reference

Plasma Current
Current Reference

0 0.2 0.4 0.6 0.8 1
−0.2

−0.1

0

0.1

0.2

0.3

Time [s]

M
ag

ne
tic

 F
ie

ld
 [T

]

Magnetic Field at The Desired X−point

Br
Bz

0 0.2 0.4 0.6 0.8 1
0.5

1

1.5

Time [s]

R
 [m

]

Plasma Radial Position

Plasma Radial Position
Radial Position Reference

0 0.2 0.4 0.6 0.8 1

−0.2

−0.1

0

0.1

0.2

0.3

Time [s]

Z
 [m

]

Plasma Vertical Position

0 0.2 0.4 0.6 0.8 1
−0.3

−0.25

−0.2

−0.15

−0.1

−0.05

Time [s]

F
lu

x 
[W

b]

Flux Evolution

Flux of Reference Point
Flux of Point1
Flux of Point2
Flux of Point3

(c)(b)(a)

Fig. 4. Closed-loop evolution: (a) plasma current and magnetic field; (b) plasma radial and vertical position; (c) magnetic flux at the control points.
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Fig. 5. Plasma boundary at 250 ms, 500 ms, 750 ms and 1 s.

(WuKMs) at the same time. The weighting functions Wp and Wu are
parameterized as

Wp(s) =
s
M1

+wb1

s+wb1A1
Kp, Wu(s) = s+wb2A2

s
M2

+wb2
Ku

where the coefficients Mi, Ai, wbi, for i = 1, 2, as well as Kp and Ku,
are design parameters in the H∞ control synthesis.

The overall plasma shape and X-point location controller can be
written as (E(s) denotes the Laplace transform of e(t))

K̂(s) = U(s)
E(s)

= R−1/2VsK(s)S−1
s U

T
s Q

1/2. (18)

4. Simulation results

The reference values in this simulation study for the radial posi-
tion, vertical position, plasma current and X-point location are
those of the equilibrium (#124616) around which the linearized
model is obtained. The reference value for the flux at the control
points is equal to that of the X-point, which is computed every
10 ms.

The plasma current is controlled by the PID control loop (2).
Fig. 4(a) (top) shows the time evolution for the plasma current and
compare it with its reference. The tracking error is less than 0.5%.
The plasma positions are controlled by the two independent PID
control loops (3) and (4). The time responses for the plasma radial
and vertical positions are shown in Fig. 4(b). The vertical position
is stabilized by the controller and a steady-state value is quickly
achieved. Fig. 4(c) shows both the flux at the X-point and the flux
at the three control points ( 1, 2, and 3). The flux at the control

points track the flux at the X-point with a small constant tracking
error. After about 400 ms, the system achieves steady-state track-
ing errors of less than 0.02 Wb. The components of the magnetic
field at the desired X-point are shown in the Fig. 4(a) (bottom).
The steady-state errors are less than 0.05 T. A series of four plasma
boundary shapes at different times during the simulated discharge
is shown in Fig. 5. The blue circles represent the control points, the
blue x-mark represents the actual location of the X-point and the
red asterisk represents the reference location of X-point. The PF coil
voltages are regulated according to the H∞ control law (18).

5. Conclusion

The proposed model-based controller, which was tested in
simulations, shows potential for expanding present experimen-
tal control capabilities. A more exhaustive and realistic simulation
study is part of our future work before experimental validation. Ide-
ally this study should include free-boundary simulations, real-time
boundary reconstruction, synthetic noise in the measurements and
simulated disturbances.
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