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Abstract— We present a boundary control law that stabilizes
the Hartman profile for low magnetic Reynolds numbers in
an infinite magnetohydrodynamic (MHD) channel flow. The
proposed control law achieves stability in theL? norm of the
linearized MHD equations, guaranteeing local stability for the
fully nonlinear system.

I. INTRODUCTION

A backstepping boundary control law is proposed for
stabilization of the 2D linearized magnetohydrodynamic
(MHD) channel flow, aso known as Hartmann flow. This
flow is characterized by an electricaly conducting fluid
moving between parallel plates in presence of an externally
imposed transverse magnetic field. The system is described
by the MHD equations, which are a combination of the
Navier-Stokes equations and the Maxwell equations.

While control of flows has been an active area for sev-
era years now, up until now active feedback flow control
developments have had little impact on electrically conduct-
ing fluids moving in electromagnetic fields. Prior work in
this area focuses mainly on electro-magneto-hydro-dynamic
(EMHD) flow control for hydrodynamic drag reduction,
through turbulence control, in weak eectrically conducting
fluids such as saltwater. Traditionally two types of actuator
designs have been used: one type generates a Lorentz field
paralel to the wall in the streamwise direction, while the
other one generates a Lorentz field norma to the wall
in the spanwise direction. EMHD flow control has been
dominated by strategies that either permanently activate the
actuators or pulse them at arbitrary frequencies. However, it
has been shown that feedback control schemes, making use
of “ideal” sensors, can improve the efficiency, by reducing
control power, for both streamwise [1] and spanwise [2],
[3] approaches. From a model-based-control point of view,
feedback controllers for drag reduction are designed in [4],
[5] using distributed control techniques based on lineariza-
tion and model reduction. Prior work can also be found
in the area of mixing enhancement. In [6], a controller,
designed using Lyapunov methods, that does not rely on
linearization or any type of model reduction is proposed
for optimal mixing enhancement by blowing and suction.
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In [7], the authors investigated optimal perturbations in a
magnetohydrodynamic flow bounded by perfectly insulating
or conducting walls and the energy growth mechanisms with
respect to parameters of the Hartmann flow. The stability
of conducting fluids under the presence of a magnetic field
was studied extensively in [8] and references therein. The
method used in this paper for stabilizing the linearized
2D MHD equations is based on the recently developed
backstepping technique for parabolic systems [9], which has
already been succesfully applied to the stabilization of 2D
and 3D linearized Navier-Stokes channel flows [10], [11].

We organize this paper as follows. In Section |l the
mathematical model of the MHD channel is stated, the
equilibrium profiles are obtained, and the MHD equations are
linearized around these equilibrium profiles. Then we convert
the linearized MHD equations into the wave-number space
by using the Fourier transform technique. This approach
allows separate analysis for each wave number, as al pairs
are uncoupled from each other. The wave numbers are
split into two sets. For the first set, the controlled set, a
normal velocity controller is designed in Section |11 to put
the system into a form where a linear Volterra operator,
combined with boundary feedback for the tangential velocity,
can transform the original normal velocity PDE into a stable
heat equation. For the second set, the uncontrolled set, the
system is proved to be open loop exponentially stable in
Section V. In addition, the stability of the system is proved
for the controlled set of wave numbers. Combining these two
results, stability of the closed loop system is proved for all
wave numbers in the wave-number space and in the physical
space. Section V closes the paper stating the conclusion and
the identified future work.

Il. MODEL
A. Governing Equations

We consider the flow of an incompressible, Newtonian
(constant viscosity), conducting fluid between parallel plates
where an external magnetic field perpendicular to the channel
axis is applied. This flow was first investigated experimen-
tally and theoretically by Hartmann [12]. The dimensionless
governing equations include the momentum transport equa-
tion,
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Fig. 1. 2D Hartman flow, (z,y) € (—o0,00) x [0, 1].

where v is the velocity field of the fluid, B is the magnetic
field, j is the current density, and P is the pressure. R, R,,,
and N are the Reynolds number, magnetic Reynolds number,
and Stuart (or interaction) number, respectively. The current
density is given by Ampere's law, j = -V x B. Both B
and v are solenoidal, V-B =0,V - v = 0. In this work, we
consider MHD flow at low magnetic Reynolds number R,,.
When R, < 1, the induced magnetic filed is very small in
comparison with the applied (constant) magnetic field By,
i.e, B ~ Bg. Therefore, 22 = 0 in (2). In this case, Ohm'’s
law becomes j = —V¢ + v x By, where ¢ is the electric
potential. Since j is a solenoidal field, a Poisson equation is
obtained for ¢ by computing the divergence of Ohm'’s law.
The governing equations of the system become

% +(v-V)v=-VP+ %V2V+N(V x Bo) x Bo
— N(V¢ x By), ©)
V2¢ =V - (vxBg) =By w, (4)
V-v=0, )

where w = V x v is the vorticity. Equations (3)-(5) are
referred to as the simplified magnetohydrodynamic equations
(SMHD). For the 2-D Hartman flow considered in this work,
whose geometrical configuration is illustrated in Fig.1. We
write v(t,z,y) = U(t,z,9)i + V(¢t,z,9)j, Bol(t,z,y) =
Bo(t,z,y)j and P = P(t,z,y), then

(v x Bg) x By = —B3U1, (6)
Vo x By = (¢zi + ¢yJ) x Boj = ¢oBok, (7)

oV U\ .
aJ:VXV:<ax—ay)k‘, (8)

where 7, 7 and k are the unit vectors of the Euclidean
coordinate system employed here. For the last term V¢ x By
in (3), the only component remaining, ¢,B,, lies in z-
direction. Since we consider a 2D geometry,

(bm(x’ y) =0. (9)

Therefore, the Poisson equation (4) for the electric potential
o(x,y) reduces to a degenerated ordinary differential equa-
tion, ¢, (z,y) = 0. Integrating it twice, we obtain

d(z,y) = C1(z)y + C2(x).

Differentiating with respect to x, and recalling (9), we obtain
C1(x)y+Ch(z) = 0,Y(z,y) € (—o0,00)x[0,1]. Evaluating
this last expression at y=0 and y=1 respectively, we
conclude that C; and C5 must be constants. Assuming non-
conducting walls, i.e., ¢y|y—0,1 = 0, then we can determine

(10)

¢(x,y) as a constant potential field. The SMHD equations
(3)-(5) can be written now as

1
Up + UUs + VUy==Py + 7 Uz + Uyy) = NB2U, (11)

(12)
(13)

Vi+ UV, +VV,=—P, + %(Vm + Vi),
U, + V,=0,
with boundary conditions
U =0,

V=0,al:y=0,1, Vae (—oo0,00). (14)

By differentiating (11) and (12) with respect to = and y,
respectively and recalling the incompressibility condition
(13), we find a Poisson equation for the pressure P(t, z,y),

V2P = -2(V,)? - 2V, U, — NB{U,, (15)
with boundary conditions
Y1 t 7 Y ) 71
P,(t,z,0) = w Py(t,z,1) = %. (16)

The boundary conditions (16) are obtained by computing
(12) at y = 0,1 respectively.

B. Equilibrium Solutions

By recalling the incompressibility condition (13) and
assuming the flow fully developed aong z-direction, we
infer that the equilibrium profile in the y direction, V¢(z,y),
satisfies V¢ /0y = 0. Using the boundary condition at the
walls (14), we obtain that V¢ must be zero. Assuming fully
developed and steady conditions, (11) reduces to

1 92U°¢ 9 e OP°

R 0y? NBU™ = ox’
and (12) reduces to 9P°/dy = 0. Since the flow is assumed
to be fully developed in the « direction, we conclude that
Ue =U¢(y), P° = P¢(z) and “£" is constant. The solution
of equation (17) is given by

17)

dpe
U*(y) = A cosh(/RN Byy)+B sinh(v/ RNBOy)fJ\;%2 . (18)
0

Using the boundary conditions (14) at the walls we can
obtain

_ 1 dpe _dP°® 1 —cosh(vVRNBy) (19)
NB? dz’ dr N B2sinh(vVRNBy)

C. Mode Linearization

We define the fluctuation variables u = U — U®, v =
V-Ve=V,p= P—P¢ andlinearize the SMHD equations
(11), (12) and (15) around the equilibrium profile, obtaining
a new set of equations given by

up = F a—— Uuy — USv — py — NBju,  (20)
o= LW ey, —p,, (21)
Pz +pyy = _2ijvx - NBSUM (22)



with boundary conditions

u(z,0) =0, wu(z,1)="Ux), (23)
v(z,0) =0, wv(z,1)="V.(x), (24)
_ Uyy(2,0)
py(,0) = — R (25)
pyay1) = St DEWedeal) ) o) 2g)

R
where U,.(t,z,1) and V,(t,x,1) are the tangential and
normal control laws implemented at the boundary y=1,
which are to be designed in the following section. Boundary
conditions (25) and (26) are obtained by evaluating (21) at
the boundaries. The continuity equation (13) is still verified

Ug + vy = 0. (27)

We use the Fourier transform on z-direction, defined as
£~ f(a)e 4 i, flag)=[ (k) a, 29

to transform the system equations to frequency domain. Note
that we use the same symbol f for both the origina f(z,y)
and the tranformed f(k,y). In the transform pair (28), &
is called the wave number. The linearized model (20)-(22)
written in the wave number domain is

22
Uyy —4k“Tu

wp= 7 —2kmi(Uu + p) —UJU—NBgu, (29)
— k272 + v,
vtzw —2kmiU v —py, (30)
pyy:4k27r2p—4km'Uyev—2k7riNB§u, (31
with boundary conditions
u(k,0) =0, wu(k,1)=Uc(k), (32)
v(k,0) =0, wv(k,1)=V.(k), (33
Uy (K, 0
py(i0) = "0, (3
vy (k1) — 4m2k2(V,) (K
py (k1) = B D ZSTEEDW ) ), @)

R
where U,., V. are the Fourier transforms of the to-be-
designed tangential and normal control laws at the boundary
y = 1. The continuity equation (13) is transformed into the
following form

2rkiu(k,y) + vy (k,y) = 0. (36)

One of the properties of the Fourier transform, called Par-
seval’s theorem, states that the L2 norm in Fourier space is
equal to the L2 norm in physical space, i.e.,

||f|%2=/01/?2(k7y)dkdy =/01/ZJ“2($7y)dxdy- @37

In Section IV, we will use this property to derive L? ex-
ponentia stability in physical space from the same property
in Fourier space. We aso define the norm of f(k,y) with
respect to y as || f(k)[|3, = fol |f(k,y)|*dy. The relationship
between the L, norm and the 2 norm is given by | f[|2. =
S N (R)II2 dk.

I1l. CONTROLLER DESIGN

It is a well-known fact [13] that there exist two wave-
number bounds m and M for which the the system (29)-
(36) is exponentialy stable without any external control in
the range |k| > M and |k| < m. By a proper design of the
control laws U, (k) and V. (k) in this section, we stabilize the
system for wave numbers in the range m < |k| < M. The
bounds m and M are estimated by the Lyapunov method in
Section 1V-A. We separate the controlled and uncontrolled
sets mathematically using the following function

L, m<|kl<M
x(k) = { 0, otherwise.

The transformed Poisson equation for the pressure (31) is
an inhomogenous ordinary differential equation in Fourier
space. Its solution can be obtained via the coefficient varia-
tion approach as follows,

(39)

"y
p(k,y) = /O (2iU¢v + iN Bju) sinh[2kn (£ — y)]d¢ (39)

+ ¢1 cosh(2kmy) + co sinh(2kmy).

Applying the boundary conditions (34) and (35) we can
obtain

_ Uyy (K, 0)

R ER A 40
2ktR '’ (40)
_ vyy(k, 1) —4Am? K2 (Vo) (k) (Ve)e(k)
! 2km Rsinh 2k 2k sinh 2k
Uy (k,0)
2km R sinh 2km cosh 2k
1
cosh[2km(§ —1)] .. . N
+ /O T (2iUgv + iNBju) d¢. (41)

Substituting p(k, y) into equation (29) we finally rewrite (29)
as (44) (see the top of next page), with boundary conditions

u(k,0) =0, wu(k,1)="U.(k). (42

We do not need to rewrite and control the v equation (30)
because using the continuity equation (36) and the fact that
v(k,0) = 0, we can write v in terms of u

v(k,y) = /0'!/ vy(k,n)dn = —2kmi /Oy u(k,n)dn. (43)

Thus, if u is stabilized, this dependence means that v is aso
stabilized. We now design the controllers in two steps. For
the first step we define

(Ve)e = 2k7ri/0 {2U¢ cosh[2km(§ — 1)]

+ iN B2 sinh[2kn(1 — €)]}u(k, £)dé — NB2V,(k) (45)
2kmi [uy (k,0) — uy (k, 1)] — 4272V, (k)
+ )
R
so that (44) has a strict-feedback form [9]. Introducing the
feedback law (45) into (44) leads to

—4k*n? v
o= b gl )0+ S e, (40)
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U =——p 2kmiUu — N Byu + 2kmiUy u(k,n)dn + 8k“m<i Uy sinh[2k7(y — n)]dn ¢ u(k, §)d§
0 3
y
B 9 . B cosh(2km(y — 1)) uy(k,0)
QkWNBO/O sinh[2k7(y — §)]u(k, &)dE + 2k b 2kn =
cosh 2kry [* o 2cosh2k7ry
2km —— 2cosh 2 — 1)U +iNB h[2kn(1 — INBy————
+ 2k A {2 cosh 2km(€ — DU + iNBE sinh[2km(1 — &)} o(k, €)de + Yk
_cosh 2kmy (2kmiuy(k,1) + 4k*72V.(k)
*sinh 2k ( R + (Ve)i(k) (44)
where Then we substitute (42) and (52) into (57) to obtain the
, 5 tangential control law
Mk,y) = — (2kmiU° + NBj) , (47) L nju(t, k. ndn. =)
K(k,1,n)u(t
2k cosh[2kn(y — 1)] — cosh(2kn / il 1
ol y) = 2T 2km(y —1)] (2kmy) 4

R sinh 2k ’
Yy
k) = sk [ U simb{2kn(y — ldn
§
+ 2kmiU{ — 2kw N B] sinh[2kw (y — €)]. (49)

For the second step we note that (46) is a parabolic partial
integro-differential equation and can be stabilized using the
backstepping technique recently introduced in [9]. We define
a backstepping tranformation,
Y
o =u-— / K (k,y,n)u(t, k,n)dn, (50)
0

that maps, for each wave number k € (m, M), the equation
for u (46) into a heat equation

op = %(ayy — 4k?*m%a), (51
a(k,0) =0, a(k,1)=0. (52)
The inverse backstepping transformation is defined as
Yy
u=a+ [ Likymathod. 6
0

By differentiating (50) with respect to ¢ and y (twice), and
then by substituting the obtained derivatives into (51), we
arrive at the following PDEs and boundary conditions for the
kernel K (y,n), inthe domain D = {(y,n)|0 <n <y <1},

1

7 By () = Ky (y, )]
y (54
— XK@~ fon) + [ KOs,
n
with boundary conditions
2 dK(y,y) _
B dy —Ay), (55)
EK(y, / K (y,n)g(n)dn. (56)

We evaluate the backstepping transform (50) at the boundary
y = 1 to obtain

alk,1) = u(k,1) — /1 K(k,1,n)u(t, k,n)dn. (57)
0

Similarly, the equation for the inverse kernel L defined in
(53) is
1

7 Loy 1) = Loy (y,m)]
y (59
— ADL) = Fm) ~ [ L5 e
n
with boundary conditions
2 dL(y,y)
R dy =AY), (60)
1
7L®,0) = —g(y). (61)

It can be proved that both K and L eguations have smooth
solutions. Equations (54)-(56) and (59)-(61) can be solved
either numerically or symbolically by using an equivalent
integral equation formulation (that can be solved via a
successive approximation series [9]). We now convert the
control laws (45) and (58) back to the physical space via
inverse Fourier transform,

/ / Que — & mult, & mdsdn,  (62)
Vo(t,x) = h(t,z) (63)
where h verifies the parabollc equation
ht - %hzm 7Nth(t,fE) +l(t7l'), (64)
where the function i(¢, z) is given by
I(t,) / | Qute - cnnote.mded
(65)
[ Qoo =l 1.6.0) — w6 1) e,
and the kernel Q.,, @, and Q are defined as,
Qulz — &)= / R (ke L) d, (86)
Qu(z =&, 77):/00 x(k)2kmi{2U, cosh[2km(n — 1)]

+ iN B2 sinh[2k7(1 — )]} e gk (67)

QO((I; — 5):/ X(]f)%e(zkm(m—f))dk, (68)



and x(k) is defined in (38). The stable parabolic equation
(64) determines the dynamics of the tangential controller.
Due to the compatibility conditions, we let h(0,z) =
v(t, z,y)|t=0,y=1 &S the initial condition.

IV. STABILITY ANALYSIS

In Section 111, we have derived control laws for both the
normal and the tangential directions at the boundary y = 1.
We state our main result at the beginning of this section.
In Fourier space, we prove the stability of the uncontrolled
set of wave numbers as a first step, and the stability of the
controlled set of wave numbers as a second step. Finally, we
use these results to prove Theorem 1.

Theorem 1. For the linearized system (20)-(26) with
the feedback laws (62) and (63), the equilibrium profile
u(t,r,y) = v(t,z,y) = 0 is exponentidly stable in the L?
sense:

la(t) 22+l (8) 22 <Coe~F (Iw(0)172+v(0)]172) , (69)
where Cy is defined as

Com(1H4m* M%) | max {(L41L]1)* (14K )%}, (70

and the norm || - || is defined as || f||oo = max |f(y,n)).

A. Uncontrolled Wave Number Analysis

For the uncontrolled system (29)-(30), we define the
Lyapunov functional for each wave number % as

E(t) = %/0 (vt + vo)dy,

where o and v denote the complex conjugates of « and v,
respectively. The time derivative of E is
dE(t) /1 —4k?r? /1 ub +
= utt + vo)dy — U: d
dt . R\ Jy = | Uy
1 1 1
— E/ (uylly + vy Ty )dy — / N B2uaidy. (72)
0 0
Since N, the Stuart number, is positive, then we have
dE(t —8k?7% 1
di)g Rﬂ 2/0(uu+m/)dy
I _ L o\ UV 4 TV
) /(uy“u + vyy)dy + /(_Uzj) 9 dy.
0 0

We state now the following lemma without proof:
Lemma 2 (Poincaré Inequality [14]): Given f € H,
where

(71)

(73)

H = {feC%0,1])|£(0) =0},
with f/ pleceleecontmuous then ||f|| <i ||f I, where || f]]

is given by |[£]2 = [y |/ (x)[*da.
Using the Poincaré inequality we can obtain a bound for

the second term in (73), i.e.,

(74)

1 1
w2 / (vt 4+ vo)dy < / (Uyly + vyUy)dy. (75)
0 0

For the third term in (73), we note that (18), i.e., U¢(y), isa
“parabola-like” symmetric equilibrium profile with respect to

theaxisy = 3, thenwe can obtain |U| < Ug(0) = —Ug(1).
Additionally, we have the following bound estimate
= = 2 2

WA up) < fur] = fulle] < T e

Therefore, taking into account (71), (75), and (76) (together
with the bound for |U;|) we can bound the time derivative
of E(t) in (73) as
Q2.2 2 e

dE(t) - 8k*r?  2r®  dU°(0) B,

dt R R dy

Proposition 3: For the linearized system (29)-(35), if m =
TRy A M = L\ /H 4O then for both [k| < m
and |k| > M, the equmbrlum u = v = 0 of the uncontrolled
system is exponentially stable in the L? sense,

ot k)13 4wtk

(77)

<& (o(0,k) |2, Hlu(0,8)]2,)

(78)
Proof: If |k > - gdUG(O) we have
dE(t) 272
) g 7
% SR (t). (79)

Additionally, by using the continuity equation (43) we can
bound (73) as

0|

—8k?n?  2n® dUe(0)
R R dy
Thus, if (k] < rapora» then Y52 < — = B(t). Taking

into account the two bounds obtamed for %ff) and the
definition (71), we can prove this proposition. [ ]
In the physical space we can get similar stability property
via the Parseval’s theorem:
Proposition 4: The variables ¢, (t,z,y) and €,(¢, x,y),

defined as

+ Alke| } E(t). (80)

altiry) = [ (0= xODult k) dn, (8D
eo(t 3, y) = / T Bt k) Tk, (82)

decay exponentially in the L? sense:

lew(®) 22+ leo ()32 <e T (llew@)3a+Hlen (0)22)

(83)
Proof: Combining Proposition 3 and Parseval’s theorem
(37) we can prove this proposition. ]

B. Controlled Wave Number Analysis

In this subsection, we prove the exponential stability of the
linearized system with feedback control, not only in Fourier
space but also in physical space, for the controlled set of
wave numbers.

Proposition 5: For any wave number |k| € (m, M), the
equilibrium v = v = 0 of the system (29)-(35) with feedback
control laws (45), (58) is exponentially stablein the L? sense,

[o(®)112 o HIu(®) 3 <Coe~ 7 “ (lv(0 N Hu(0)]F.) - (84)



Proof: For the heat equation (51), we can compute

1
ot Bl = [ attkpatkody. €
0
with the time derivative
dlla(t, k)|I3, 22
— LT < ady. 86
o -5 ; aady (86)
Then, using Gronwall’s inequality [14], we obtain
la(t, k)7, < (0,k)[1%,- (87)
By using (43), (50) and (53), we obtain
— J K(y.m)vy(t n)dn
a= ol (88)
Yy )
v = —2k7r7l/ {1 —|—/ L(n,f)dﬁ} a(t,n)dn (89)
0 n

By using (53) and (89), we can obtain a bound for
(lutt, )12, + ot k)2, | e,

L2’
u(t, k)12, + vt k)12,

1 1
< / (1+ | L) Py + 4k%7? / (14 1L ]lo0)? 02 dy
0 0

< (1 4+4M7*) (1 + || L)) e (0,k)113. (90)
Recalling (50) as follows
2 ! Y ’
a0,k »2:/ uf/K7 (0, d
(0, k)| ; ; (y,mu(0,m)| dn 91)
< @+ [IK]0)? (a0, k)13, + 0(0, K)I[Z) -
Combing (90) and (91), we finish the proof. [ ]
Proposition 6: Defining
witn = [ xbukpetTd @
vty = [ x®elt kT (©9)

for the linearized system (20)-(26) with the feedback laws
(62) and (63), the variables u*(t, z,y) and v* (¢, z,y) decay
exponentialy:

lu* ()72 + lo* (D117

272 (94)
< Coe™ ' ([u (0)[[Z2 + [[v* (0)|72) -

Proof: Combining Proposition5 and the Parseva’s

theorem (37), we can prove this proposition. [ ]

Finally, by using Proposition4 and 6 we can prove ex-

ponential stability of the linear system (20)-(26) over the

entire wave number range, and therefore finish the proof for
Theorem 1.

V. CONCLUSIONS AND FUTURE WORK

We have designed backstepping-based boundary feedback
controllers which exponentially stabilize the 2D magne-
tohydrodynamic equations linearized around a Hartmann
equilibrium profile in the L? sense. The results have been
presented in 2D for ease of notation. Since 3D channels are
spatialy invariant in both streamwise and spanwise direction,
the design can be extended to 3D by applying the Fourier
transform in both invariant directions and following similar
steps. It is also worth to mentioning that the design can be
extended to periodic channel flow, both in 2D and 3D, by
substituting the Fourier transform by a Fourier series. The
controllers derived in this work are written as state feedback.
An observer has been developed based on [15], and has been
presented in [16].
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